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ABSTRACT: A theory of dry polymer brushes containing nanoinclusions is presented. Polymer bansiparticle
mixtures arise in various applications and in experimental systems where block copolymer materials, providing
brushlike environments, organize nanoparticles to generate materials with novel properties. The ease with which
a nanoinclusion enters a brush is measured by the free energy cost to introduce the inski&iomhis depends
strongly on particle shape and sizeas does the degree to which brush chain configurations are perturbed. For
inclusions smaller than the typical chain fluctuation scale or blob &igg by extending the self-consistent
mean field (SCF) theory for pure brushes, we shdii"® = P(2)V, for an inclusion of volume/, a distancez

from the grafting surface. HerB(z) is the quadratic SCF “pressure” field. Equilibrium particle distributions
within a brush of chains of lengtN grafted at densityy depend strongly on particle size: (i) particles smaller
than a scalé* ~ ¢=2 distribute uniformly, dominated by entropy, while (i) larger inclusions penetrate the soft
surface region of the brush in a layer of thicknéss: h(b*/b)® whereh is brush height and (iii) complete
expulsion occurs for sizes abobg.x ~ (N/o)Y4. Inclusions bigger thady ., affect chain configurations much

more strongly and require a different theoretical approach. We shB6W = (P(2)V,, wheref is a shape-
dependent constant for which we obtain rigorous bounds. Vertically oriented cylinders achieve the minimum
energy costf = 1). Motivated by exact results for the approximate Alexandkr Gennes brush (chain ends
fixed at brush surface), we argue that disk-shaped inclusions incur maximum energg costwheret is the

disk aspect ratio).

Much experimental and theoretical research has focused on= = —~==T~-~-~/~===~J~-—"~ "~~~ "~~~-~- z=h
the basic principles governing polymer brushes, assemblies of é_g<zb[0h) ®
chains end-grafted to a surface. Our goal in this paper is to @
understand the behavior of nanosizielusionsin brushes
(Figure 1): how are nanoinclusions spatially distributed, and
how readily will a brush accommodate them? How do the
inclusions influence the host brush, and what brush free energy
changes do they generate? How does all of this depend on
nanoinclusion size? While theory for pure brushes and related
block copolymer systems is very well develoge@the behavior
of these composite systems is relatively unexplSréd. ) . ) ) ) )

. Figure 1. Polymer brush containing nanoinclusions of various sizes.

We are motivated to study these systems because, on 0N, n) is the position of thetth monomer of a chain whose end lies at
hand, brushlike systems frequently carry particle impurities, . Inclusions smaller than the brush blob s&g, do not significantly
while impurities intentionally introduced into brushes can interfere with the path of a chain, while larger inclusions induce strong
enhance physical properties and create materials with novellateral & y) stretch. Because of the gradient in stretching energy penalty,
properties. These depend not only on the properties of the:22:ﬂz'iggssig%zngﬂgevgmerf&’_e buoyancy forces strongly depending on
inclusions themselves but also on their spatial arrangements;
indeed, organizing nanocomponents into complex spatial su-important in bioengineering approaches to preventing surface-
perstructures is a major challenge in nanoscience and nanoinduced thrombosis in blood-contacting materials by using
technology. The technological potential lies in novel magnetic, polymer-coated surfaces to inhibit protein bindifg?® Here
electric, and optical properties. A recent nanoinclusibrush the nanoinclusions can range from single proteins to aggregated
study indicates that inhomogeneously grafted polymers can protein particles of various sizes and shapes. The interaction of
control nanoparticle distributior$;'°with potential applications  proteins with wet brushes has been studied theoretitalf2°
for nanoparticle-based catalysts and sensors. In ref 19 enthalpic interaction and kinetic barriers were the major

Understanding how protein nanoinclusions can penetrate source of proteirbrush repulsion. Halperii found shape-
grafted polymer layers is another important application; this is dependent proteinbrush interactions originating from van der

Waals interactions between the proteins and the grafting surface.

*To whom correspondence should be addressed. E-mail; Another motivation is to better understand nanoinclusions in

bo8@columbia.edu. block copolymer hosts, for which brushes provide a first model.
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The physics of brushes is closely related to block copolymer = === == === =7 LSRRGSR AR SN e
behavior! each layer in a lamellar phase is a brush, albeit with
i _' ¢
" B

annealed grafting density, while phases with cylindrical and § Sart
spherical geometry are closely related to brushes grafted on "

curved surfacedt Periodic structures provided by block co-

polymer materials can act as templates to arrange nanoinclu-

sions. For example, by localizing metal nanoparticles in lamellar ~ *

phases, composite inorgariorganic materials have been % y I§h|0b(z | p)
created with novel optical filtering propertié%.2* The advan- ’

tage of such approaches is that particle organization happens
naturally and thermodynamically, promising rapid and inex-
pensive manufacture of nanostructured composite materials.
The theory of brushes is well developed. At high enough
surface grafting density, chains are forced to stretch due to  Figure 2. Chains in a polymer brush are stretched toward the free
lateral excluded-volume interactions with one another. Becausesurface on average. Entropy produces fluctuations about the average
of stretch, brush height is proportional to the number of ~ Path. The scale of these fluctuations, the blob SJag(zp), is an
T | - h - fined increasing function of and depends also on the location of the chain
monomer units per polymeN. Our interest here is confined to end, p. The blob size at the brush surfacetig.
dry brushes (no solvent? though many concepts from wet

brushe$” are in common. ) _ that P(2)V, remains the energy penalty to within prefactors of
Our starting point is the self-consistent mean field (SCF) orger unity for most shapes. For disks we obtain rigorous
theory of Semeno¥? who showed that the self-consistent pounds.
“pressure” fieldP(2) for a molten brush has quadratic form: The outline of the paper is as follows. In section Il we briefly
review polymer configurations in pure brush systems. We
P(2) = Po(l . éz) P, = 32h/8NZaS: patggorizg brushinclusion mixtures into two cases by compar-
ing inclusion sizéb to the mean brush blob siZgpyp. In section
o o [l we establish a formal framework for mixed brusclusion
9(p) = h > > @ systems; the brush height change and chain end distribution due
h®—p to inclusions are discussed. In section IV we show the brush
free energy penalty due to smab (< &pop) inclusions is
P(2)Vp, enabling the equilibrium nanoinclusion distribution to
be determined as a function of polymer sideand inclusion
sizeb in section V. In section VI the brush free energy penalty
due to larger lf > E&ppop) inclusions is calculated, using the
hydrodynamic analogy which applies to the Alexantae
Gennes brush. We show the brush response strongly depends
on inclusion size. In section VII the proper end-annealed brush
is considered; we determine upper and lower bounds for the
brush free energy change due to incorporation of one inclusion.
For most shapes, the shape-dependent energy penalty remains
of order P(2)V,. In section VIII we conclude with a brief
discussion, and we compare our theory to experiment.

This field P(2) represents the effect of all the other chains on a
given chain; it is a Lagrange multiplier enforcing constant
density. To satisfy constant density, the free chain ends must
follow the distributiong(p) wherep is the free end location.
Note the variableg and p have values between 0 ahd(see
Figure 1). The brush heightis cNa3, wherea is the monomer
size. The pressure field at the grafting surface, 0, is Py (we
choose units wherdgT is unity). An essential feature of
Semenov's theory is that chain ends are distributed everywhere
throughout the brush, in contrast with the simplified Alexarder
de Gennes approximatigr? which assumes that all chain ends
are constrained to be at the free brush surface,h.

By extending Semenov’s method, we will develop a theoreti-
cal analysis of brushnanoinclusion mixtures. The presentwork ||, Brief Review of Dry Brush Theory
is entirely concerned with brushes in the strongly stretched limit . . . . .
of the Semenov theory, i.é1> R whereRs is the unperturbed In thI.S section we briefly review what has lc?eerj es.tabllshed

theoretically about nanoparticle-free brushes; this will be the

chain size (corrections for moderately stretched brushes are .~ ring point for our analvsis. Grafted polvmers at hiah surface
beyond the scope of this wafe). For a small inclusion of coverag 2 become stretck?/ed éwa frorr? th){a raftin sgurface (see
volumeV, at heightz in the brush, we will show that the brush ) g Y > grafting
inc Figure 2). For a polymer whose free end lies a distanfrem

free energy changeAF™, equals P(2)V,. It follows that : .

. ; . . oo the grafting surface, we denote the distance afititsmonomer
nanoinclusions smaller than a certain sdalenix readily into from the free end ag(p,n). The incompressibility of the dr
the brush, while larger inclusions are forced near the free brush olvmer brush createspé 'ressure filé(d)pwhich ca{uses chainys
surface whereP(2) is small; i.e., the brush is soft enough to poly 7 . b ! i

to stretch?27 In previous theoretical works, it was shown that

host.them. Thus, thgre 'S a buoyancy” effect tending to push the pressure fiel®(2) contributes to the single chain free energy
relatively large nanoinclusions to the top surface. ) )
as follows (see section IlI):

For inclusions which are so large that a given chain trajectory
is forced to deviate strongly in thiateral directions &, y in 5 )
Figure 1) the story is much more complex. This happens when [chain den i( z(p,n)) + P(z(p,n))a>
particle size exceeds a characteristic fluctuation scale of a chain 0 23\ an
in the particle-free brushipon. FOr such particles, we use an
analogy connecting our polymer problem to a hydrodynamical To obtain the complete brush configuration, the sum of all the
system to show that for sphere and cylinder shapg$c ~ single chain free energies must be minimized, subject to the
PaVy, whereP, is a characteristic pressure, while for disks the volume constraint. The full solution to this problem was obtained
effective volume is that of a sphere. This hydrodynamic analogy, in Semenov's SCF theory of ref 1, including the quadratic
however, describes only the approximate Alexandkr Gennes pressure field?(2) and the chain end distributiai{p) given by
brush. When end-annealing is considered, we are able to proveeq 1. (In section Ill and Appendix A, the derivation gffp) is

)

Ccbv
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briefly outlined for completeness.) In ref 6 it was pointed out analyze the penetration of chains into a brush surface in ref 28.

that the path of a chain in the pressure fi€l@) is related to
the classical motion of a particle with mass= 3/a® in the
potential field—P(2). In this analogy, the “stretch” of a chain,

From eq 1 the pressure fiel(z2) near the free surface is
approximately linear, Ro(h — 2)/h; hence, the mean pressure
field acting on the monomers in the surface bloPgs,r/h.

0z/on, corresponds to the velocity of the particle; hence, an The blob size is obtained by equating the energy due to pressure,
equation analogous to the conservation of kinetic plus potential npepa3 x PoEsuh, to kgT. Here nyept2a = Esyrt from random

energy relate®z/on to the pressure field:

3 (E)Z(p,n)
2a5 on

37_[2

8N2a5(p2 -7)

2
=P - Py =

Combined with the chain end distribution in eq 1, this chain
path equation completes the full brush configuration. The SCF
solution, however, is valid in the strongly stretched limit an

walk statistics. Thus

8Na |3
Esurf = (%) (8)

An important observation is that the surface blob sizer is
much larger than that in the interior of the bru&key, reflecting

g the fact that the brush is much softer at the top surface than

provides only the average path of a chain, a straight path deep in its interior. In section V we will discuss how this soft
orthogonal to the grafting surface. The actual polymer path surface region can hold nanoinclusions more easily than the

fluctuates about this average path on short length scélgs,

This is the blob size. As we will see, this scale defines the

boundary between small and large inclusions.

Now since the pressure fiel(z) is a function of position in
the brushz, the blob sizefyp also depends om. Moreover,
each chain has its own end positipn so the blob sizes of
different chains at a given locatianare in general different
(see Figure 2). Let us defingon(z|p) to be the blob size at
for a polymer with its free end at Denotinghyio, as the number
of monomers in the blobspen(Zlp) = Nuios’?a because below

interior of a brush.

[ll. Nanoinclusions in a Polymer Brush: Formal
Framework

In this section the SCF theory is generalized to a brush
containing nanoinclusions. This generalization shares some
features of prior theoretical analyses of homopolymers in block
copolymer system&-32 Consider a brush of chains grafted on
a surface az = 0 (see Figure 1) containing nanoinclusions
distributed with some position-dependent volume fraction

the fluctuation length scale monomers random walk. On the ¢(r). We write the position of theth monomer of a chain as
other hand, the SCF solution suggests a linear displacement (¢.n) wherep is the position of the free end. In the strongly
~(92/3n)npiob. The crossover from random walk statistics to the  Stretched regime, the total free energy is

SCF solution defines the blob scale:

12, 0Z
Moiob 8= 57 Moiob 4)

Thus, npep’? = al(9z/an). Using eq 3, we have

2N&®
ﬂ(pz _ 22) 1/2

Note Epiop is a function of bothp andz, so at locatiorz many
chains with different end positions> z coexist, each with its
own blob size. Using the chain end distribution functip),
we now calculate the average blob size éitom eq 5, giving

Epion(2lp) = )

Na’
Ve =7
For most locationg in the brush we hava — z = O(h), and

thus in eq 6 the denominator approximatés- z2 = h2, Thus,
the “typical” average blob size within the brush is given by

éblob(z) = (6)

= 1
Eblob = Na’/h =~ oa (7)

This scale is simply the blob size of the simplified Alexander
de Gennes theoy7:® For a given positiorg, those few chains

which have endp just abovez have blobs larger than the above
estimate; however, these contribute negligibly to the average

blob size due to their rarity. In this study, we will u§gop as

2
Pt [ gl fycn ST + [t nr) x
(0~ [dp 9O (pN) — ') — [’ P’ x
(a—lg(l — ) — [dp o(p) [N o — r(p,n))) ©)

The first term is the total chain stretching energy at a given
chain end distributiorg(p). The second term represents the
constraint that chain end grafting density of this brust. i§he
transverse vectorp only hasx andy components, and the
Lagrange multipliem(ro) is the chemical potential of a chain
(see Appendix B). The last term is from the condition that
monomers plus nanoinclusions are space-filling; i.e., the mono-
mer volume fraction is equal to + ¢(r). The Lagrange
multiplier imposing the density constraint is the pressure field
P(r), the 3-dimensional generalization of the 1-dimensional field
P(2).

The set of chain paths provides complete information about
how polymers behave, given the nanoinclusion distribution
¢(r). In the mean field framework, each chain selects its path
to minimize its stretching energy under the given constraints;
the chain path equation is obtained by minimizi§ush with
respect tar(p,n):

3 9°r(p,n)

= VP(r
a o’ )

(10)

Note this chain path equation is in fact the same equation as

the characteristic local chain fluctuation scale, since most chainsthat for pure brushe’s® even though the inclusion density field

have a blob size of this order.

The surface blob at = his a special case. Thedependent
blob expression, eq 6, does not correctly describe its §ige,
(it diverges unphysically asapproaches). However, we can

¢(r) modifies the pressure fielé(r), the chain path “dynamics”
have no explicit dependence @ifr).®1° That is, chains and
inclusions interact only through the pressure field).

Before solving the complete chain paths, we must know how

estimate&s, s using a simple argument related to that used to the pressure fieldP(r) changes at the given inclusion dens&ybv
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field ¢(r). The general solution for the nonsymmetric 3D be determined and then minimized. In this section we obtain
pressure fieldP(r) that forces all chains to reach the grafting AF™ for a given profileg(2).

(13)

surface afteiN steps is rather difficult to find analytically. In Knowing P(2) andg(p), the total chain stretching energy per
perturbative approaches are not valid, a point which we discusschain stretching energies:
briefly in section VI.
9z(p,n))?

stretch__
small nanoinclusions as a fluidlike presence in the brush which F ﬁ) do g(e )L/c]) dn (
occupies only a certain fraction of the available space; thus,
grained over the interparticle separation. Much of our interest evaluate this integral directly. It can be calculated, however, in
will be in theequilibriumsituation, where nanoinclusions have  a similar way to that used for pure brusl#&s®3 Although the
librium, symmetry dictates that the coarse-grained continuous of its free end, the sum of its stretching plus pressure energies
nanoinclusion density field has no dependence in the directions(eq 2) is a constant, regardless of chain end position. Thus, the

fact, since inclusions represent singular domains, standardunit area can be calculated. This is the sum of all individual
Our approach is nonperturbative. We treat a collection of

the nanoinclusion fraction functiap(r) is smeared out, coarse-  Sinceg(p) is quite complex (see eq 12), it is rather difficult to

found their thermodynamically desired distributions. In equi- stretching energy of each polymer chain depends on the location

parallel to the grafting surface. Thug(r) depends only on the

stretching energy can be expressed in terms of the pressure field

z coordinate (see Figure 1), and in consequence all other p(z) and the inclusion fraction(z), without explicitly involving

variables in the free energy also dependzoonly. This is a
considerable simplification.

The “fluidization” method ignores chain stretch in the lateral
(xandy) directions, a good approximation for inclusions smaller
than the fluctuation length scalgyo, since then the lateral
deviation enforced by an inclusion is less than the chain’s
intrinsic lateral fluctuation scale. In this and the following section
we consider only this case. Inclusions larger thgp, are
considered in section VI and subsequent sections.

Specializing to such small inclusions, the full brush free
energy, eq 9, now simplifies since all variables dependzon
alone. (The simplified free energy is presented in Appendix B.)
The dynamics, eq 10, are now one-dimensional, allowing the
pressure field to be obtained analytically.

To satisfy the condition that every chain reaches the grafting
surface afteN steps, the 1D pressure fielR{z) must have the
guadratic form displayed in eq?where the brush heiglfitis
now increased by nanoinclusions relative to the inclusion-free
brush valueho. Volume conservation leads to

hO
1-9¢)
Hereg is the overall nanoparticle fraction. Giv@(z), one can

now determine the chain end distributigfp) for an arbitrary
nanoinclusion density distribution(2):

100, png, GG
J— VZ - ¢

The method is presented in ref 10. In Appendix A this result is
obtained in a rather simple way.

Note that the quadratic pressure fidhiz) was calculated
under the assumption that chain ends occupy all locations 0O
p < h. Now if eq 12 then gives negativgp) in any domain,
this indicatesP(z) is wrong. It must then be recalculated under
the constraint of chain-end-free zorfédnterestingly, eq 12
implies that as long ag(2) is an increasing function of height
z, the functiong(p) is guaranteed positive. In section V, we
show¢(2) must indeed always be monotonically increasing to
satisfy conditions of thermodynamic equilibrium. Hence, the

h:

. $= [ldzg@Ih (11)

d(p) = (12)

quadratic pressure profile and the chain end distribution of eqs AFto®@! =
1 and 12 are valid when nanoinclusions have reached equilib-

rium within the brush.

IV. Chain Stretching Energy Penalty Due to Inclusions

To obtain equilibrium nanoinclusion density distributions, the
change in the brush free energy="° due to inclusions must

d(p). One then finds

h
Fereeh= [ldz (P, — P(2)(1 — ¢(2) 14)
A detailed derivation is presented in Appendix B.

For any given nanoinclusion distributi@itz), eq 14 provides
the exact chain stretching energy. If the mean nanoinclusion
densityg is small, this can be further simplified (see Appendix
B):

AF™ = ["dz P2)¢(2) + O(6?) (15)
This result tells us that inserting an inclusion at a height
generates energy penalz)V,. Since the pressure decreases
with heightz, an inclusion experiences an upward buoyancy
force rather analogously to a macroscopic object in water. Note
that the meaning oP(2) is the pressure relative to that at the
brush surface (we choggh) = 0).

Note thatP(2)V, is the free energy of an inclusion located at
z relative to the free energy it would have at locatior h.
Thus, AF"¢ is the free energy of the inclusion profilg(2)
relative to the free energy of the same inclusions were they alll
located atz = h (¢(2) = 6(z — h)¢h). Thus, AF" describes
how particles tend to distribute within the brush, given they
are inside the brush. Thus, polymgarticle enthalpic interac-
tions provide an additive constant to the total energy and can
be ignored.

V. Equilibrium Nanoinclusion Distribution

Equations 14 and 15 give the free energy cost for a general
inclusion density distributionp(z). In typical experiments,
however,¢(2) is not directly controllable. In this section we
calculate the distribution assuming kinetics permit equilibrium
to be reached.

Consider nanospheres of radiosand volumeV, at small
volume fraction such that the chain stretching free energy of
eg 15 applies. Adding a simple FloryHuggins particle entropy
term, the total free energy change per unit area is

Jydz PR#() +
[z ¢()Iog¢(z)+u(h¢ Jydzo() (16)

Higher-order terms ig(2) representing interparticle interactions
were neglected for consistency with eq 15. The last teérBV
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Complete Partial
Mixing Mixing

|

I
b* gblob
Figure 4. Predicted phase diagram describing brusttiusion
mixtures. The minimum chain length for a stretched brush to form is
Figure 3. Distribution of inclusions depends strongly on inclusion size. N, = (1/0a?2 Complete mixing regime: regiob < b*. Partial
(a) Inclusions smaller thab* completely mix. (b) Inclusions in the mixing: b* < b < by Exclusion: b > bma. The typical blob size
size rangeb* < b < bmax partially mix and remain near the soft free  and surface blob size a0 and the&s,s, respectively.
brush surface. The penetration depthyis= (b*/b)3(h/2). (c) For the

partial mixing case (b), if mean inclusion density exceeds the saturation . . .
densitygsa= (1/2)([0*/b)3, excess inclusions are expelled from the brush relaxation effect established by Semerdwiixing entropy

layer and phase separate. (d) Inclusions larger bharare completely ~ Opposes this, and the penetration depthis obtained by
expelled, and phase separate from the brush. balancing the entropy, of ordégT, with P(0)(47b%/3) which

ning the chemical ) ‘ el is the particle’s chain stretching energy penalty at deépth
containing the chemical potential enforces mean nanoinclu- The physical meaning of eq 20 is limited to cases where
S|0Mn_d_en_3|_ty. the above f bt #(h) is less than unity. Now if the mean densifyreaches the
inimizing the above Iree energy, one oblains value gsar = (1/2)(0*/b)3, we haveg(h) = 1; at this point the
- " brush is saturated, and further inclusions will phase separate
— - _ — 2 (blb*)3
#(2) = p(h)e " = g (blbel ~ MO (17) leaving the particle density in the brush layer at the vaiye

. . . . (see Figure 3c).
wheref (x) = 2x32e€/y/7 erfi(x3?), and erfi) is the imaginary . . N fel . .
error function. The limiting behaviors df(x) aref (x) — 1 for (iif) Large nanoinclusionsh > b, With increasing particle

. . . size, the penetration depdhdecreases and becomes comparable
— 3 A m ’
)é;:lel;ngrf (é)s 2¢ for x > 1. An important particle size to the size of the particle itself at a value = bmpax =
merg (b*/ bmax)3(/2). Larger particles cannot penetrate the brush (see

3 \us Nal2/3 Figure 3d). Thus, the maximum particle size the brush can
* — - .
= (47“30) a( h ) (18) accommodate is
whereC = 2Y¥/z. From eq 17, small nanoinclusions « b*) _ NES 1/4~ 1/4
: . Brnax N (21)
spread throughout the brush almost uniformly, while larger 210

inclusions b > b*) reside near the free brush surface, with
strongly suppressed penetration into the brush. Thus, brush  rigyre 4 summarizes these results. A brief report of these
nanoinclusion systems can be divided into three classes (Segjndings was presented in ref 8. We remind the reader that the
Figure 4):- _ _ analysis assumed nanoinclusions smaller than the typical blob
(i) Small nanoinclusionsh < b*: size Epop. Interestingly, however, the phase diagram has a
A\ pre B 2 b\3 broader validity than one r_nigh_t have thought: particles bigger
#(2) = ¢(h)(1 — (1 — _2)(_*) ) p(h) = ¢(1 + _(_*) ) (19) than_&bmb exceedbmax in size in most cases; thus, they are
h?/\b 3\b predicted to be driven to the free surface. But at the free surface

) ) ] ) ) ) the blob size is unusually large, equal g, thus, provided
In this case inclusion entropy dominates chain stretching energy, particle size is less thafr, the conclusion remains valid. This
so inclusion density is almost uniform (see Figure 3a). is discussed further in the final conclusions section.
(ii) Intermediate sizesb* < b < byax Here inclusions
penetrate to a depth< h only (the scalémaxis defined below).  v|. Polymer Brushes with Large Nanoinclusions
In the regionh — § < z < hthe pressure can be approximately

linearized in eq 17, giving In this section we consider nanoinclusions larger than the

typical blob size &yon, the chain fluctuation scale. Chain
(z—hys b\3- a3 trajectories are now forced to make lateral displacements (see
$(@) = p(h)e” 7, ¢(h) = Z(b_*) ¢, 0= (070 (h2) (20) Figure 5) larger thaguon. The brush free energy (eq 9) and
chain path (eq 10) equations are unchanged, but the path around
The penetration depihis much less than the full height For an inclusion cannot be determined until the pressure f¢tdl
depths greater thah particles in this size range impose a brush near the large inclusion is obtained. We begin with a simple
stretching energy penalty exceedikgll; the buoyancy effect  argument as to whyP(r) is strongly perturbed relative to the
thus pushes them close to the brush surface where the brustpure brush value. This tells us that perturbation theory is invalid,
environment is soft (see Figure 3b) due to the chain end and we must resort to other technical approaches. CDV
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nanoinclusion of arbitrary shape. To our knowledge, no analyti-
cal theory has to date produced complete solutions, and the
major tools in past work have been numerical methidds'

Our starting point is an interesting analogy identified by
Pincus and William¥ between a brush containing inclusions
and a certain hydrodynamic problem. The analogy in fact only
applies to the approximate Alexandate Gennes (AG) brush
whose ends are assumed all to lie at the brush surface. For this
subsection and the next, we use this approach to determine chain
paths and brush free energies. The results and concepts will
prove very helpful in understanding the true end-annealed brush,
which is considered in section VII.

The observation of Pincus and Williams is that the paths of
Figure 5. Chain path near a large inclusion ¥ o) is significantly polymer chains in a brustinclusion system coincide with the
altered. This implies the local pressure difference between typical streamlines of an incompressible inviscid fluid flow past the
locations A and BAPxg, has a value of order the unperturbed pressure same inclusion (see Appendix C for proof). This analogy is very
P(). powerful, since flows past objects of many shapes and sizes
have been established long a§d.he velocity field in the fluid
maps to the chain stretch fielg/on, in the brush. The complete
set of analogous quantities in the brush and hydrodynamic
systems are displayed in Table 1. For example, the unperturbed
fluid kinetic energy density maps to the energy density of the
brush without an inclusion:

A. Lateral Stretch Is a Large Perturbation. Consider a
chain passing near an inclusion whose free end is far removed
from the inclusion. The difference in pressuk®,g between
two locations A and B belonging to a chain trajectory can be
estimated as follows (see Figure 5).

During its journey from A to B, the direction of this polymer
path is significantly tilted; i.e., the chain stretak= dr/on gains ) s ) ——
an x direction componenti, of order u,. Since the distance pvg 12— (3/2a°)(or/on)” = P, = 3h"/2N"a”  (23)
between the points is of ordérin both z andx directions, the
number of monomersAn between A and B is given ap- whereP, is the energy density in the AG brisf which in
proximately byu,An = b. Estimating thex directional stretch our language is the pressure. More generally, the change in fluid

change from the chain path equation, eq 10, we have: kinetic energy due to insertion of an object into the flow is
ad(oP/ax)An = a>(dP/ox)b/u,, and thus analogous to the change in brush free energy due to insertion
of this same object. Since the former is known in many cases,
AP, = (3P/3x)b = u,%a’ ~ P(2) (22) this allows the analogous energy change for the brush to be
determined.

where the last identity in eq 22 follows from eq 3. Thus, near  Note that it is easy to see why there can be no hydrodynamic
a large inclusion the pressure changec@mparable to the analogy for the true end-annealed brush, for which the chain
unperturbed pressurdhis is a simple but important conclusion.  stretch field is not a single-valued function of the chain position
It follows that perturbation theory/® which assumes the r since it depends also on which chain one selects at this
relative change in pressure and other variables is much less thamposition, according to the location of the chain end. That is,
unity, cannot describe large nanoparticles. An appropriate dr/on depends on bothandp. In the flow, of course, the fluid
description must yield a pressure field with short scale features velocity field is a single-valued function of Note the analogy
near such a large inclusion. in fact also applies to a third system: for type | superconductors,
Note that the above argument (leading to eq 22) also tells usmagnetic flux lines are expelled from a superconducting object
that it is now essential to include lateral displacements of chain (the complete Meissner effé€}. Placed in a constant external
trajectories because these induce order unity pressure changesnagnetic field, the flux lines follow the same paths as polymer
Our fluidization approach for small nanopatrticles neglects lateral chains in a brushinclusion system.
displacements and must therefore be replaced by another Given a brush plus inclusion, the analogous hydrodynamic
approach. It is tempting to argue that a perturbative approachsystem involves a stationary inclusion in a moving fluid with
may work for particles much smaller than the brush sives far field velocity vo in the +z direction, as shown in Figure 6.
h, even if they are large in the senlse> &,op. This is wrong, A technical issue is that literature flow problems are usually
however: since the pressure perturbation due to lateral devia-phrased &8 objects moving with velocityyg in the —z direction
tions is orderP(2), thus the corresponding free energy change (see Figure 6) in a stationary fluid. To use the analogy, therefore,
is orderP(2)V,. This is of the same order as the free energy we must first translate from the stationary fluid system to the
result in the fluidization approach of section IV. In the next stationary inclusion system.
subsection, we use an entirely different approach. Consider first stationary fluid systems. The first row of Table
B. Chain Path around a Single Large Inclusion: Hydro- 2 summarizes the fluid kinetic energy induced by various
dynamic Analogy. Our initial goal is to find the chain inclusion shapes, taken from the classic hydrodynamics text by
configurationr (p,n) and the pressure fieldl(r) around a large Lamb35 For a sphere of volum¥, (Table 2, column b), the

Table 1. Analogous Quantities in the Brush, Hydrodynamics, and Magnetostatics Systems

Alexander-de Gennes brush hydrodynamics magnetostatics
polymer incompressibility fluid incompressibility V-B=0
chain pathst (p,n) streamlines B-field flux lines
chain stretchinggr/on fluid velocity, v B-field
3/ad fluid mass densityp permittivity =1, 1/u
chain stretching energy, (33 (ar/on)? kinetic energy/,p2? B-field energy B%2u

Ccbv



Macromolecules, Vol. 39, No. 1, 2006 Nanoinclusions in Dry Polymer Brushe119

z The translation from stationary fluid to stationary inclusion
entails a velocity boost of the former system &yin the +z
y direction (see Figure 6); it is shown in Appendix D that this
X boost induces a fluid kinetic energy change equabgVp,
regardless of shape. Thus, the inclusion-induced fluid energy
change in the stationary inclusion system, shown in the second
row of Table 2, is obtained by addingo?V, to the first row of
Table 2. Note that the energy expressions in the second row of
Table 2 involve the unperturbed fluid kinetic energy density,
pvo?l2. Replacing this with the unperturbed brush stretching
energy densityPa (see eq 23), gives our final results for the
total inclusion-induced chain stretching energy of the brush
(third row of Table 2).

C. Results: Energy Penalty Due to Inclusions of Various
Figure 6. Inclusions of different shapes in an Alexandéele Gennes Shapes.The sha e%)é)stin r’r¥inimum enerav is a thin vertical
(AG) brush. Using the fact that polymers do not penetrate inclusions Pes. p g ay

together with Kelvin’s minimum energy theore¥nan analogy can be ~ cylinder (Table 2, column a): the energy cost B¥p. The
shown with a hydrodynamical system: brush chain paths follow origin of this baseline energy is that in general the velocity boost

streamlines in the analogous hydrodynamic system. Hence, the kinetic(translating the stationary fluid to the stationary inclusion
energy of the fluid is analogous to the total chain stretching energy of system) adds a shape-independent energy chandé, to the
the brush. S . .
original shape-dependent kinetic energy. This chapgéVp,
translates to a stretching energy chan@a\g, in the brush
fluid kinetic energy is (1/4)20?V,, while the fluid mass displaced ~ system. Since this additional energy penalty is independent of
by the sphere isV,; hence, half of the displaced mass is added inclusion shape,RaV} is a lower bound for the energy required
to the inertia of the sphere. In general, the fluid kinetic energy to insert an inclusion of volum¥y. The slender nature of the
induced by the object depends on its shape. A long horizontal vertical cylinder in the very thin limit is such that there is no
cylinder (Table 2, column c) induces twice the energy of the additional shape-dependent contribution in this case; lateral
sphere of the same volume. Interestingly, the induced kinetic Stretch is negligible, while vertical stretch due to polymer
energy can vary by orders of magnitude for certain extreme incompressibility costs RaVp.
shapes: a thin vertical cylinder (Table 2, column a) induces For other shapes, the total chain stretching energy exceeds
negligible energy because the object minimally interferes with this baseline of RaV,. A sphere (Table 2, column b) costs total
the fluid motion, while a circular thin plate (Table 2, column energy (5/2PAV,, while a long horizontal cylinder (Table 2,
d) creates a large disturbance regardless of its thickness, withcolumn c) costs BAV,. For these shapes the energy cost equals
an effect similar to that of a sphere of the same radius. the baseline to within prefactors of order unity.

Table 2. Kinetic Energies in Brush Systems and the Analogous Fluid Systems for Different Shages

2
(a) T (b) (c) (d)
="
a
Fluid Kinetic Energy 171 5 1 2 8a (1 2
i | v o2 | v
(Stationary Fluid System) 0 2 [ 2 PV ] ¢ [2 pY |V, 3zwl\2 = i
Fluid Kinetic Energy 1 P 5(1 5 1 3 8a 1 .
20 pv2 |V, | 2{=pv? |y, I-pv: v, |[2+ Lovi|v
(Stationary Inclusion System) [210]" J i 2[2pv ) i (2'01}0 ) f ( 3?:1-1«'][2‘0‘;‘ ] i
AI_:HH: 5 i Sa
4 =PV, PV, 2+ BV,
Alexander-de Gennes Brush 2PV ) fimii i [ 3¢rw] il
AF™ for SCF Brush AF = P(z)V, lea BE 2 1< Al < 3 1< AF 4a
i ’ PGz, 4 PGV, 2 PV, 3zw

aFirst row: fluid kinetic energy induced by inclusion moving with spegdn —z direction (fluid stationary at infinity). Second row: induced fluid
kinetic energy after “velocity boost”; fluid is then moving with spegdn z direction while inclusion is stationary. Note the second row is obtained from
the first row by adding the constanty?Vp. Third row: Alexander-de Gennes brush stretching energy induced by inclusion. This is obtained by replacing
the unperturbed fluid energy density (142)% of the second row with the unperturbed brush stretching energy defsitifourth row: lower and upper
bounds for the free energy change due to an inclusidic, in the correct end-annealed brush. The lower and upper bounds differ only by a prefactor of
order unity with the exception of (d), the thin circular plate shape. cDV
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(b)

Figure 7. A single large inclusion of volum¥, distantz, from grafting
surface. (b) The inclusion has been laterally uniformly smeared into a
region of areaA such thatp(z)A dz has the same volume as the particle
in the height interval 4, z + d2). In Appendix E we prove that the
extra energyAF"® due to the inclusion in (a) is always larger than the
extra energy in (b). The latter is equal R¢zy)V, for inclusions small
compared to brush height.

Interestingly, for a circular thin plate (Table 2, column d)

the induced energy is much larger than the baseline value. The

shape-independent partP2vp, is negligible compared to the
shape-dependent party8rw)PaV, for plate thicknessy much
smaller than the plate radius, The thin plate generates a very
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Figure 8. An Alexander-de Gennes brush before and after the addition
of an inclusion. The brush configuration with the inclusion is
constructed as follows. A sphergof radiusR is imagined, such that
chain paths outside ofare vertical, while chain configurations within

large lateral chain stretch effect regardless of its thickness; hence,/ are determined by the condition that the energy must be a minimum

its effect is similar to that of a sphere of the same radius.
Physically, this tells us that such a disk will tend to get rotated
if kKinetics permit.

VII. Large Inclusions in the End-Annealed Brush

In the previous section we calculated inclusion free energy
penaltiesAF"¢ in the approximate framework of the AG brush.
In this section we address the true end-annealed brush. This i
a rather difficult problem for large particles, which strongly

perturb chain configurations. Our approach here is to establish

lower and upper bounds on the free enefdy". Much of our
approach is motivated by our findings for the simpler AG brush.

A. Lower Bound for Free Energy. In Appendix E we prove
that a lower bound for an inclusion of volunvg at heightz, in
the true end-annealed brush is

inc

AF™ = P(z)V, (24)
whereP(2) is the unperturbed pressure given by eq 1. This lower
bound is the free energy one would get if one uniformly smeared
out the particle laterally over a very large ar@a so that
¢(2)A dz has the same volume as the particle in the height
interval @ z + d2) (see Figure 7). Here(2) is the volume
fraction distribution in Figure 7b. For this distribution we can
simply adopt our result from the small particle analysis treating
nanoinclusions as a fluid, section MF" = fBP(z)¢(z) dz
(eq 15). Physically this is sensible: if one allowed a particle to
“dissolve” laterally (while constraining its height to lag), one
would expect the equilibrium state to be a laterally symmetric
one.

The requirement for this bound to be valid is that the particle
size be small compared to brush height< h) such that the
pressure variation in the region of the inclusion is small (see
Appendix E).

B. Upper Bound for Free Energy.In Appendix F we prove
that an upper bound for an inclusion of voluigat heightz
in the true end-annealed brush is

AF™ < B(P(z)/2)V, (25)

wheref is a shape-dependent constant (see Table 2, fourth row).

in J. This defines a mapping from the unperturbed brush to the
perturbed brush. (b) An end-annealed brush configuration is constructed
similarly to (a), using the same mappifigNote that outside/ the
brush is unperturbed by the inclusion except for vertical translation.

The approach adopted in Appendix F starts from the
observation that any brush configuration satisfying the polymer
incompressibility constraint provides an upper bound e,

S.

since the actuaAF"c corresponds to that configuration mini-
mizing the bruskinclusion free energy. The challenge is to
find a configuration whose free energy is close to the minimum
valueP(zo)V,. In Appendix F we determine such a “good” chain
configuration. The chain paths are constructed through the
following two steps: (i) A sphere/of radiusR enclosing the
inclusion is imagined (see Figure 8); then we determine an AG
brush configuration which minimizes the energy penalty within
" but leaves chain paths outside of the sphere as in the
unperturbed AG brush. (i) Adopting the monomer mapping
function defined by (i), we construct chain paths for an inclusion
in the end-annealed brush. This leads to the bound of eq 25.

C. Shape Dependence of Inclusion Energyour results for
upper and lower bounds for energies of inclusions of different
shapes are shown in Table 2 (fourth row). The lowest energy
shape is a thin vertical cylinder (Table 2, column a) for which
the upper and lower bounds coincide, giving us the precise result
P(2)V,. For most other shapes the bounds differ only by a
prefactor of order unity: the energy penalty is between 1 and
1.25 timesP(2)V, for a spherical inclusion, and between 1 and
1.5 timesP(2)V, for a horizontal cylinder (see Table 2, columns
b and c). For all of these shapes, therefore, we find the energy
cost is close to the small particle resBiz)V, used to obtain
the phase diagram of Figure 4. This phase diagram is thus
qualitatively applicable to large particles as wedl$ Epjop).

The thin circular plate shape is different (Table 2, column
d). Here the lower bounB(2)V,, which neglects lateral stretch,
can be very different to the upper boundy/@rw)P(2)V,, where
b andw are plate radius and thickness, respectively. In this case
the bounds are not very useful, taken on their own. A simple
estimate ofAF"® follows, using an argument similar to that of
section VI. In the region withir=b of the inclusion, an excess
pressureAP = P(2) is necessary to create the required Iate&BIV
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(a) (b)
o

Figure 9. Effective brush-mediated interaction between nanoparticles
is dipolar in the Alexanderde Gennes brush. (a) Vertically aligned
particles attract. (b) Particles at the same horizontal level repel. Thus,
horizontal plate-shaped aggregates tends to break up.

stretch. ThusAF" = P(z)b® = (b/w)P(2)V,. We conjecture,
therefore, that our upper bound is close to the true energy
penalty. A brief report of these bounds has appeared in ref 8.
This section has considered single inclusions. Many-inclusion
interactions are often important, for example, when mutually
attractive inclusions aggregate. Applying the hydrodynamic
analogy to a brush containing two inclusions, one sees the
interaction is dipole-like: they attract when aligned vertically

but repel when at the same horizontal level (see Figure 9). For

the AG brush where the analogy is exact, this conclusion is
directly applicable. However, in the SCF brush we only know

Nanoinclusions in Dry Polymer Brushei21

In particular, a thin vertical cylinder for which the upper and
lower bounds coincide has energy penalty exak{g)V,. For
a given volume, then, vertical orientation and slender long shape
gives the lowest free energy; thus, deformable inclusions will
tend to suffer shape change in this direction before expulsion.
For the circular plate shape (Table 2, column d) the bounds are
not useful, and we conjecture this is the worst shape with highest
energy.

In the phase diagram of Figure 4 the typical brush fluctuation
scaleépion is compared to the inclusion scalesand byax. Now
for an inclusion in the complete or partial mixing regimbss
bmax in Most parts of the phase diagram the inclusion is then
automatically smaller tha&yop SO the phase diagram behavior,
based on our small particle analysis, is a valid description. For
bigger inclusionsh > bmay the phase diagram predicts expulsion
from the brush. But we know from our large inclusion analysis
of section VII that the inclusion energy penalty is at least
P(2)Vp; thus, this expulsion conclusion remains valid for these
large particles. The one sector where the phase diagram is not
self-consistent is the regio&uon < b < bmax here we have
only established free energy bounds. In most cases, however,
the bounds yield energies equal to the small particle result to
within prefactors of order unity. Overall, therefore, the phase
diagram of Figure 4 is a reliable description regardless of particle
size

bounds on the free energy, so solid conclusions are not possible. L€t us now compare our conclusions to a few experiments
Nevertheless, the qualitative aspects of interparticle forces are@nd simulations. Thompson et'dinumerically studied lamellar
likely to be the same as in AG brushes, since our results suggesPhase A-B block copolymers mixed with A-like spherical
a horizontal plate-shaped aggregate of several particles tendd!anoparticles. They solved SCF equations for the block

to break up into a vertical cylinder shape of the same volume,
this having lower free energy.
Note that these effective interparticle interactions, however,

may be overwhelmed by the buoyancy forces discussed previ-

ously: while the dipolar interaction energy between two particles
separated by is =P(2)Vy/r3, the stretching energy B(2)Vp.

copolymers together with density functional theory (DFT) for
particles. For their system, we estimate= 0.09R,, whereR,

is the mean-square polymer end-to-end distance. They found
particles of size 0By = 3.3b* resided near the center of the A
layer, which in our language corresponds to the free surface of
the brush. This is consistent with our prediction that latge (

forces pushing particles toward the free brush surface will be

much stronger than attractive or repulsive brush-induced forces.

VIIIl. Conclusions

We have studied the effect of inclusions on brush configura-
tions and free energies which depends strongly on inclusion

particles of size 0.1%, = 1.7b* preferred the region of the A
layer near to the adjacent B layer. Since these are somewhat
bigger tharb*, we conclude that energetic interactions (absent
from our model) prevent expulsion for particles of this size.

Bockstaller et af* studied poly(styrené-ethylene propylene)
(PS-PEP) copolymers mixed with two different species of

shape, size, and inclusion location in the brush. The free energycompatibilized nanoparticles. We estimate= 2.3 nm for their

penalty AF"® of introducing an inclusion determines how
inclusions of sizé distribute in the brush. For particles smaller
than the typical fluctuation in monomer positidn< &pion, We
developed a self-consistent field (SCF) theory to siidwrc =
P(2)V, per inclusion. In equilibrium this competes with entropy.
Entropy dominates, giving a uniform distribution within the
brush, for small inclusiondy < b* whereb* ~ (N/h)23, Larger
inclusions,b > b*, are expelled to the brush surface, and the
largestb > byax are expelled entirely, whet@na, ~ NY4. This

system. One of the particle types, silica with mean radius 10.8
nm, resided at the center of the PEP layer. This is analogous to
the free brush surface and consistent with our predictions for
particle sizes above*. On the other hand, gold particles of
mean radius 1.75 nm, smaller thiah were observed to occupy
the PS-PEP dividing surface, which corresponds to the brush
grafting surface. Our prediction is that they should distribute
fairly uniformly within one of the two layers. We speculate that
the energy interactions between nanoparticles and the two

size-dependent phase behavior is summarized in the phasé&opolymer blocks, which are of course beyond our simple

diagram of Figure 4. ~
The effect of big inclusiond) > &pion, is qualitatively different

particle-brush analysis, may result in particles preferring the
dividing surface provided particle size is not so great that its

because chain trajectories are forced to deviate strongly in thestretching energy penalty is severe. We hope that future

lateral directions X, y in Figure 1).AF"® then exceed&gT,
and such a particle will ultimately be expelled. Since kinetics
are often slow, however, an important issue is the value of
AF"(Z). We proved this has a lower boulR{z)V, (the small

particle result), while we found upper bounds strongly dependent

on shape. For most shapes we fouklE"(z) equalspP(2)V,,

theoretical and experimental studies of brush and copolymer
systems will help to clarify the competition between these
entropic and energetic effects.
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of this research. the second term represents the constraint that chain grafting
) ) ) o density of this brush ig. The last term is due to the space-
Appendix A. Calculation of Chain End Distribution filling condition, eq ALl. In this 1D expression, the pressure field

In the end-annealed SCF brush, a specific chain end distribu-P(2) depends only oz and the other Lagrange multipliey, is
tion g(p) minimizes the free energy while maintaining incom- a scalar.
pressibility of the system. In this appendijép) is derived. The The last term of eq B1 can be simplified by changing the
inclusion volume fraction at positionis ¢(z), so the monomer  order of integrationf'(}dpfgdz. Then, changing the integration
volume fraction is 1— ¢(2), which must equal the sum of variable fromzto n, the first part of the last term becomes
monomer density contributions from all chains passing through

zwhose endsp lie betwee(nz)and h: s j;)h do fopdz P& |3z(§fg))/an| _
h g — ¢z
J..dp |82(p,rl1))/8n| e (AL) [odo g(e) [} dn Pz(pn)a’ (B2)

The meaning of the stretch functiodg(p,n)/on, is the distance Minimizing the total free energyrPush with respect to the
between consecutive monomers at posiZpgo its inverse is function g(p), each chain path must satisfy the following

the monomer density contribution of the given chain. condition:
We seek the functiog(p) that satisfies this equation for all
. Usi i is gi az(p,n
z. Using eq 3 for the chain stretclz(p,n)/on, this gives ; zfo ( (8;; )) n J;Ndn P(z(p,n))a3 —y= PONa3 (83)
a
("o ﬂ —t(2 (A2)
4/,0 _ The first term of the left-hand side is the stretching energy of

a given chain whose end is af while the second term is the
wheref (2) = #(1 — ¢(2))/2Nas. Multiplying both sides by work which must be done against the pressure to insert the chain
2N 2—w? and integrating ovez, we have into the brush. Thus, the physical meaning of this equation is

that, regardless of chain end position, all chains have the same

zd(p) zf (z) chemical potential, and hence the symmetry between chains
f dzf [N (A3) is broken such that chain ends can lie anywhere in the brush.
v P - V7 VZ — The explicit value ofy is obtained by considering a chain@t
= 0; such a chain has zero stretching energy and has pressure
energyPoNas.
Using eq B3, the total stretching energy is

The term on the left can be simplified by changing the order
of |ntegrat|on tofwdpf dz. Then the inner integral,/®dz

7V p? =7 V7 — WA, equalst/2 independent ofv andp. Then,
by integrating the term on the right by parts, we have stretch__ az(p n)\2
P e o) f;on

Judo o) = 2V — vl (h) — [d/7 — i) (%)

Finally, differentiating both sides with respectwogives

b/;) dp g(p) fo dn (P, — P(z(p.n))a’ (B4)

This can be readily evaluated from the pressure field, without
2 f(h) fr ( 2) explicitly using the complex chain end distribution functig(p),
(p) = p( f dz ) (A5) as follows. Changing integration variable fromto z and
vh? —p reversing the order of integration, we have

This gives eq 12 in the main text after inserting the explicit 3
tretch__ °h h g(p)a
form of f. Fre= [Tdz (P, — P(2) [, dpm -
Appendix B. Stretching Energy Penalty Due to Inclusions fhdz (P, — P@)(1 — ¢(2) (B5)
0

A great advantage of the SCF approach is that the full brush

configuration can be explicitly obtained. This remains true when yhere thep integral equals (1 ¢(2)), the monomer density at
inclusions are present, provided the inclusion density distribution ositionz (see eq Al).

hasx andy directional symmetry (see Figure 1). In this appendix Using the quadratic pressure profile, eq 1, this is rewritten
we calculate how the brush configuration is modified due to an

inclusion density profilep(z). We then obtain the exact chain " h 2
stretching energy. Fereth= ﬂj dz|Py= — Po(2) + P(2¢(2) | =
The one-dimensional version of the total brush free energy, h 1
eq o, is §P0h — Pyph + jg)hdz P(2¢(2) (B6)
az(p,n
brush — f do g(p )ﬂ) dn( p. )) The brush height with inclusions = hy/(1 — ¢), increased
from the pure brush valudy. Thus, the sum of the first two
77( L do g(p) — o) + ﬁ) dz P(2)a® x terms is (r?ho¥8N&®)(Y3 — ¢)/(1 — ¢)3. Taylor expanding with
() - ¢>(z) respect tap, its dependence op vanishes to first order. Thus,
(fhd 9 ) (B1) if the mean inclusion density is smaip, < 1, the change of
|az(p,n)/on| chain stretching energy is

Ccbv
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inc _ h (1/2)Motawo?, WhereMora is the total mass of the system. Thus,
AF™ = [ dz F2)¢() B7) o =T+ (o2 + (pe?I2)(V + V). Subtracting the
original fluid kinetic energy gvo?2)V from T, the change

Appendix C. Analogy between Brushes and of kinetic energy due to the inclusion is

Hydrodynamics

In this appendix, following Williams and Pincdéwe show AT=T;+ pUOZVp (D1)
how the formal solution of the Alexandede Gennes (AG)
brush is analogous to a specific hydrodynamical system. In the In the new frame, the inclusion is stationary so this kinetic
AG brush, chain end positions are fixed at the free surface. Thus,energy is purely due to fluid movement. Hence, the density of
the brush chain stretan= ar/on is a well-defined vector field.  the inclusion (set here tp) is irrelevant to the result. Thus, in
The total stretching energy is the sum of contributions from converting from a fluid-stationary to an inclusionstationary

each positiorr, where the stretching energy is (8/dr/an)? system, the velocity boost adds a constant kinetic energyp.
per monomer: The energy changes for the four shapes are listed in the third
row of Table 2. The quantitpu?V, translates to BaV, in the
[stretch 3 d_r(a_r)Z — ifu2 dr (C1) analogous brushinclusion system; hence, an energy penalty
222 a\an/  25° 2PV, is inevitable, regardless of inclusion shape. This is the

lower bound of the energy penalty to insert an inclusion of

We seek the chain stretch field minimizing Fstetch Now volumeV, into the brush.

Kelvin’'s Minimum Energy Theorem (see ref 35) states that

must be curl-free to minimize the energy; hencejs the Appendix E. Lower Bound for Free Energy Due to Large
negative gradient of a “chain stretch potentigh(r), u = Inclusions

—Vy(r). At the same time, from the incompressible nature of | this appendix we show the lower bound for the free energy
the dry polymer brush, the chain stretch field must safify penalty due to a large inclusion of volunvg at heightz, is
= 0. Thus,y(r) is a solution of the Laplace equatiow?y(r) P(z0)V,. We will prove that the free energy penalty due to one
=0. o ) _ . inclusion (Figure 7a) always exceeds the penalty in the brush
This solution is well determined if the boundary conditions - sjtyation of Figure 7b, where the inclusion has been laterally
are given. For the brusfinclusion system the boundary yniformly smeared into a region of aréaso thatp(z)A dz has
conditions are that the chain stretch fialdconverges to a  the same volume as the particle in the height interzak (-
constantpo, far from the inclusions, while at the surface of all  4z) Here¢(2) is the volume fraction distribution in Figure 7b.
inclusions the stretch field must be parallel to the inclusion oy |argeA, this is a laterally symmetric situation for which

surface. _ ) ) the exact energy penalti?(z)V, is known from our small
We can see that this brusinclusion system is analogous to  inclusion analysis, section IV.

a hydrodynamic system in which an incompressible inviscid  The end distribution function(p) and chain paths(p,n) in

fluid flow with constant velocityu is perturbed by inclusions, Figure 7a assume the values minimizif§sh Let us define

as follows. The velocity potential of the hydrodynamical system the chain stretch at heigiabf the chain whose end is at position
§at|sf|_es Laplace’s equatighwith slip bounqlary condition at  to beu(p,2) = ar(p,n)/an. Note the functiongy(p) andu(p,2)
inclusion surfaces. Thus, because of the uniqueness of solutionsgompletely define the brush configuration. Interestingly, we can
the fluid velocity field and chain stretch field are identical. This yake the following lateral average of these functions represent-
proves the analogy. Equation C1 indicates that the fluid massng a physically realizable brush configuration for the laterally

density has the analogy— 3/a®. _ symmetric situation of Figure 7b:
Note that the magnetic potential of a magnetostatic system

also follows Laplace’s equation. The slip boundary condition Javg(0) a(p)
of a brush-inclusion system is the same as that for a type | GaudP) = [9(p) dpy, u av?( 2= fu( 2 der (E1)
superconductor exhibiting the complete Meissner effethus, avg\Pz 2P

a type | superconductor in constant external magnetic field is a

. o To show gavfpz) and uavgp-2) indeed represent a valid
tSr?rCeoen(sjyz?:rlr?s?y. Table 1 lists the analogous quantities in thesesymmetric brush configuration, we must check the following

conditions are satisfied: (iPavfp,) gives the correct total
Appendix D. Fluid Kinetic Enerav Change Due to number of chains; (ii) the local monomer density at height
Vgl%city Boost & 9 Equallls 1t—H$(z); (iii) the stretch field is such that every chain
. . o as length\.
In this appendix we calculate the change in kinetic energy  £.0m the definition Oblave — .

L s : ,, avd(P2), JGavdp2) dpz = [9(p) dp; thus,
X,Vhe” a conversion 'f made from a ﬂl.;ndtatlongry to an the total chain number is correct (note thaif,)/A is the chain
inclusion—stationary” system. Assuming an inclusion of gy gensity per unit volume). Similarly, (i) can be proved by
volumeV, is moving in the stationary fluid of volum¥ with showing the polymer density at heighis the same in the two

velocity_ vo in th(_e ~z direction (see Figurg 6), _the fluid  gitations of Figure 7a,b: [(Gavg(p)/Uavd(p?)) dpz =
streamlines and kinetic energy depend on the inclusion geometryf(g(p)/uz(pyz» dp = 1 — ¢(2). To show (iii), we express number

onlyl, |ndependent of |ncl'u5|on mass. For convenience, we setof monomers in a chain whose end istaiqp»2) as follows:
the inclusion mass density g equal to the fluid density, so

the center of mass of the system is stationary. The total kinetic (p)
; A . . ; 1 1 9lp) _
energy is the fluid kinetic energy induced by the inclusion, say deu 2) = fdz Z)fdpm U(p.2) =
Ti, plus the inclusion kinetic energyp#y?/2)V,. Now we el Tovef 2APs
implement the frame boost by adding velocity to all [dp 9(p) [z 1 (E2)
components of the system. It is well-known that the relation . Fave(P2) u,p,2

between the kinetic energy in the center of mass frarag,
and the kinetic energy in the new framigal, IS Tiotal = Tcm + The last integral/dz(1/u/p,2)), equalsN for any p because thi%DV
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represents the number of monomers in a chain in Figure 7a.that Laplace’s equation has a unique solution if the normal

Then the integral with respect pg equals unity from definition
of gavfpz) (eq E1); thus, every chain h&s monomers. This
completes the proof thaflavfp,) and Uapz2) represent a
realizable chain configuration for the problem with symmetry
(Figure 7b).

The total energyF°ush of Figure 7a can be written

3 dz
Fbrush= = d
232'[ P g(p)fuz(piz)

where d/u,(p,2) = dn. Let us now showrbrush exceedng\',‘gSh,
the energy of of our just constructed symmetric configuration
defined by gavf02), Uavfpz2). First, we use the inequality

Ufp,2) < U?(p,2)/ufp,2) in eq E3 to obtain

pbrush - ziazfdzfdpzfdpg a(p)u,(p,2)

u*(p.2) (E3)

(E4)

Then, using the CauchySchwarz integral inequality, it is
straightforward to show the last integrafdpen g(p)uLp,2),
exceeds Qayfp)Uagpz2). Since Foush [dz/dpz

avg

Javg(P2)Uave(p2,2), this provesFPrush > Fg\r,fh.
Note that gavfpz), UavdpzZ) IS not necessarily the self-

consistent minimum energy configuration corresponding to

component of its gradient is specified everywhere on the
boundary. Hence, the chain configuration withiiis uniquely
determined by our construction.

Note the number of monomers along a given chain trajectory
in /"may differ from the value before the inclusion was
introduced (since the stretch field is changed); this changes the
number of monomers along the same trajectory continued
outside./S"and induces an increase or decrease in brush height
relative to the unperturbed brush (see Figure 8a). This is the
“bump” on the brush surface due to the embedded inclusion.

Later in this appendix we will choose the sphere radius
be large compared to particle sizgz so the constructed
configuration’s free energy is a good approximation to that of
the AG brush plus nanoinclusion system. For example, the
energy of a spherical inclusion in the constructed solution,
(5/2)PaVp(1 + O(Vy/R®)), equals the exact result (Table 2,
column b) plus a small correctich.

Let us now turn to the end-annealed brush plus inclusion.
We construct a configuration (Figure 8b) similarly to our AG
brush prescription above: outsidéthe brush is unperturbed
by the inclusion (except for changes in the numbers of
monomers along trajectories and a consequent height perturba-
tion); inside./; we use the same spatial mapping of monomers
as that used for the AG brush, above. Thus, a monomer

Figure 7b. In section 1V, we showed the energy change on griginally atr, in the unperturbed brush is mapped to a location

adding the inclusion field for this case A§'dzPR(2)¢(2). Since

f(ro) in the constructed brush, wherg— f(ro) is the mapping

this is the minimum free energy situation, when added to the we defined above for the AG brush. Note that the mapping
unperturbed brush stretching energy, this must be less than— f(r) is volume preserving by construction. Thus, we have

Fave It follows that the energy penalty due to the inclusion
obeys the inequality

AF"™ > A [dzR2)$(2) = P(z)V,

where the last equation requires particle gizmuch less than
the brush heighh, so the pressure variation over the region
occupied by the particle is small.

(ES)

Appendix F. Upper Bound for Free Energy Due to Large
Inclusions

In this appendix we calculate the upper bound for the free
energy penalty due to a large inclusion of voluljeat height
2. Consider first a nonequilibrium configuration of the AG brush
containing one inclusion of size, as in Figure 8a, which we
will construct so as to be a good approximation to the true
equilibrium configuration of the AG brush plus inclusion. This
configuration respects incompressibility but does not minimize
the free energy. Introducing an imaginary sphéia radiusR

centered on the particle, this configuration is constructed as

follows: (i) chain paths outside the sphere arperturbecby
the inclusion (i.e., chains follow vertical lines as in the
unperturbed AG brush); (ii) insidég; the configuration is that
minimizing the free energy in'subject to the incompressibility
constraint.

constructed a space-filling configuration of the end-annealed
brush with inclusion (see Figure 8b).

We will now use the constructed end-annealed brush con-
figuration to obtain an upper free energy bound valid in the
limit of particle size much less than brush height< h. The
argument hinges on the fact that due to the linearity of the
hydrodynamic analogdethe mapping o — f(ro) depends only
on the geometry of the inclusion, independent of the unperturbed
stretch|aro(n)/an|. In the hydrodynamics language increasing
the fluid velocity without inclusion does not change the
streamlines with the inclusion; in the brush language, increasing
the uniform stretchar o(n)/on| of the unperturbed brush by some
constant factoit increases the stretch field in the perturbed
brush bya everywhere but does not change the chain trajec-
tories. Thus, a chain segmentrgtbelonging to a chain whose
end is atpo is stretched by the same facttfro) regardless of
how stretched it was initially and independentpgf

8 oporh)/anl _
Tortporyin (F1)

Now we choose the spheréto be small compared to brush
height,R < h, so the unperturbed pressure in the end-annealed
brush is approximately constant throughouequal toP(2) for

Thus, the sphere contains a subregion of a minimum free an inclusion atz (see eq 1). (Recall that we simultaneously

energy AG brush, albeit with unusual boundary conditions on

chooseR > b; thus, our method assumes inclusion size is much

the sphere surface. What are these boundary conditions? It idess than brush height.)

straightforward to show that incompressibility forces the radial
component of the stretch fielér/on to be continuous across
the surface of/. Sincedr/on = —(ho/N)z is known outside/;

the radial component is thus given for all points 6riollowing

the prescription of the hydrodynamic analogy, the minimum
free energy configuration within/"is obtained by solving
Laplace’s equation for the “chain stretch potentigl{defined

by ar/on = — V) as explained in Appendix C. It is well-known

Using the exact result that the energy density of the end-
annealed brush i®(2)/2 (we prove this in Appendix G), it
follows that the energy density throughaotis approximately
constant in the unperturbed brush. Since energies scale as the
square of chain stretch, eq F1 thus tells us that the ratio of the
brush energies in’before and after the mapping — f(ro) is
the same for both the AG and end-annealed brush constructions.
Since the unperturbed AG brush has energy deRsityve haveCDV
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unperturbed brush. This allows us to calculate the energy penalty
(F2) of our trial configuration in Appendix F.

Ach
PAVS

inc
A EA

(P(@)/2)Vs
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Interestingly, the mean stretching energy density at a give
height z is always one-half of the pressure value of the
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