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ABSTRACT: A theory of dry polymer brushes containing nanoinclusions is presented. Polymer brush-nanoparticle
mixtures arise in various applications and in experimental systems where block copolymer materials, providing
brushlike environments, organize nanoparticles to generate materials with novel properties. The ease with which
a nanoinclusion enters a brush is measured by the free energy cost to introduce the inclusion,∆Finc. This depends
strongly on particle shape and sizeb, as does the degree to which brush chain configurations are perturbed. For
inclusions smaller than the typical chain fluctuation scale or blob sizeêhblob, by extending the self-consistent
mean field (SCF) theory for pure brushes, we show∆Finc ) P(z)Vp for an inclusion of volumeVp a distancez
from the grafting surface. HereP(z) is the quadratic SCF “pressure” field. Equilibrium particle distributions
within a brush of chains of lengthN grafted at densityσ depend strongly on particle size: (i) particles smaller
than a scaleb* ∼ σ-2/3 distribute uniformly, dominated by entropy, while (ii) larger inclusions penetrate the soft
surface region of the brush in a layer of thicknessδ ≈ h(b*/b)3 whereh is brush height and (iii) complete
expulsion occurs for sizes abovebmax ∼ (N/σ)1/4. Inclusions bigger thanêhblob affect chain configurations much
more strongly and require a different theoretical approach. We show∆Finc ) âP(z)Vp, whereâ is a shape-
dependent constant for which we obtain rigorous bounds. Vertically oriented cylinders achieve the minimum
energy cost (â ) 1). Motivated by exact results for the approximate Alexander-de Gennes brush (chain ends
fixed at brush surface), we argue that disk-shaped inclusions incur maximum energy cost (â ∼ t wheret is the
disk aspect ratio).

I. Introduction

Much experimental and theoretical research has focused on
the basic principles governing polymer brushes, assemblies of
chains end-grafted to a surface. Our goal in this paper is to
understand the behavior of nanosizedinclusions in brushes
(Figure 1): how are nanoinclusions spatially distributed, and
how readily will a brush accommodate them? How do the
inclusions influence the host brush, and what brush free energy
changes do they generate? How does all of this depend on
nanoinclusion size? While theory for pure brushes and related
block copolymer systems is very well developed,1-7 the behavior
of these composite systems is relatively unexplored.8-14

We are motivated to study these systems because, on one
hand, brushlike systems frequently carry particle impurities,
while impurities intentionally introduced into brushes can
enhance physical properties and create materials with novel
properties. These depend not only on the properties of the
inclusions themselves but also on their spatial arrangements;
indeed, organizing nanocomponents into complex spatial su-
perstructures is a major challenge in nanoscience and nano-
technology. The technological potential lies in novel magnetic,
electric, and optical properties. A recent nanoinclusion-brush
study indicates that inhomogeneously grafted polymers can
control nanoparticle distributions,15,16with potential applications
for nanoparticle-based catalysts and sensors.

Understanding how protein nanoinclusions can penetrate
grafted polymer layers is another important application; this is

important in bioengineering approaches to preventing surface-
induced thrombosis in blood-contacting materials by using
polymer-coated surfaces to inhibit protein binding.17-20 Here
the nanoinclusions can range from single proteins to aggregated
protein particles of various sizes and shapes. The interaction of
proteins with wet brushes has been studied theoretically.17,19,20

In ref 19 enthalpic interaction and kinetic barriers were the major
source of protein-brush repulsion. Halperin17 found shape-
dependent protein-brush interactions originating from van der
Waals interactions between the proteins and the grafting surface.

Another motivation is to better understand nanoinclusions in
block copolymer hosts, for which brushes provide a first model.

* To whom correspondence should be addressed. E-mail:
bo8@columbia.edu.

Figure 1. Polymer brush containing nanoinclusions of various sizes.
r (G,n) is the position of thenth monomer of a chain whose end lies at
G. Inclusions smaller than the brush blob sizeêhblob do not significantly
interfere with the path of a chain, while larger inclusions induce strong
lateral (x, y) stretch. Because of the gradient in stretching energy penalty,
inclusions experience effective buoyancy forces strongly depending on
inclusion shape and volumeVp.
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The physics of brushes is closely related to block copolymer
behavior;1 each layer in a lamellar phase is a brush, albeit with
annealed grafting density, while phases with cylindrical and
spherical geometry are closely related to brushes grafted on
curved surfaces.21 Periodic structures provided by block co-
polymer materials can act as templates to arrange nanoinclu-
sions. For example, by localizing metal nanoparticles in lamellar
phases, composite inorganic-organic materials have been
created with novel optical filtering properties.22-24 The advan-
tage of such approaches is that particle organization happens
naturally and thermodynamically, promising rapid and inex-
pensive manufacture of nanostructured composite materials.

The theory of brushes is well developed. At high enough
surface grafting densityσ, chains are forced to stretch due to
lateral excluded-volume interactions with one another. Because
of stretch, brush heighth is proportional to the number of
monomer units per polymer,N. Our interest here is confined to
dry brushes (no solvent),1,2 though many concepts from wet
brushes6,7 are in common.

Our starting point is the self-consistent mean field (SCF)
theory of Semenov,1,2 who showed that the self-consistent
“pressure” fieldP(z) for a molten brush has quadratic form:

This field P(z) represents the effect of all the other chains on a
given chain; it is a Lagrange multiplier enforcing constant
density. To satisfy constant density, the free chain ends must
follow the distributiong(F) whereF is the free end location.
Note the variablesz and F have values between 0 andh (see
Figure 1). The brush heighth is σNa3, wherea is the monomer
size. The pressure field at the grafting surface,z ) 0, isP0 (we
choose units wherekBT is unity). An essential feature of
Semenov’s theory is that chain ends are distributed everywhere
throughout the brush, in contrast with the simplified Alexander-
de Gennes approximation3-5 which assumes that all chain ends
are constrained to be at the free brush surface,z ) h.

By extending Semenov’s method, we will develop a theoreti-
cal analysis of brush-nanoinclusion mixtures. The present work
is entirely concerned with brushes in the strongly stretched limit
of the Semenov theory, i.e.,h . RG whereRG is the unperturbed
chain size (corrections for moderately stretched brushes are
beyond the scope of this work25,26). For a small inclusion of
volumeVp at heightz in the brush, we will show that the brush
free energy change,∆Finc, equals P(z)Vp. It follows that
nanoinclusions smaller than a certain scaleb* mix readily into
the brush, while larger inclusions are forced near the free brush
surface whereP(z) is small; i.e., the brush is soft enough to
host them. Thus, there is a “buoyancy” effect tending to push
relatively large nanoinclusions to the top surface.

For inclusions which are so large that a given chain trajectory
is forced to deviate strongly in thelateral directions (x, y in
Figure 1) the story is much more complex. This happens when
particle size exceeds a characteristic fluctuation scale of a chain
in the particle-free brush,êhblob. For such particles, we use an
analogy connecting our polymer problem to a hydrodynamical
system to show that for sphere and cylinder shapes∆Finc ≈
PAVp, wherePA is a characteristic pressure, while for disks the
effective volume is that of a sphere. This hydrodynamic analogy,
however, describes only the approximate Alexander-de Gennes
brush. When end-annealing is considered, we are able to prove

that P(z)Vp remains the energy penalty to within prefactors of
order unity for most shapes. For disks we obtain rigorous
bounds.

The outline of the paper is as follows. In section II we briefly
review polymer configurations in pure brush systems. We
categorize brush-inclusion mixtures into two cases by compar-
ing inclusion sizeb to the mean brush blob sizeêhblob. In section
III we establish a formal framework for mixed brush-inclusion
systems; the brush height change and chain end distribution due
to inclusions are discussed. In section IV we show the brush
free energy penalty due to small (b < êhblob) inclusions is
P(z)Vp, enabling the equilibrium nanoinclusion distribution to
be determined as a function of polymer sizeN and inclusion
sizeb in section V. In section VI the brush free energy penalty
due to larger (b > êhblob) inclusions is calculated, using the
hydrodynamic analogy which applies to the Alexander-de
Gennes brush. We show the brush response strongly depends
on inclusion size. In section VII the proper end-annealed brush
is considered; we determine upper and lower bounds for the
brush free energy change due to incorporation of one inclusion.
For most shapes, the shape-dependent energy penalty remains
of order P(z)Vp. In section VIII we conclude with a brief
discussion, and we compare our theory to experiment.

II. Brief Review of Dry Brush Theory

In this section we briefly review what has been established
theoretically about nanoparticle-free brushes; this will be the
starting point for our analysis. Grafted polymers at high surface
coverage become stretched away from the grafting surface (see
Figure 2). For a polymer whose free end lies a distanceF from
the grafting surface, we denote the distance of itsnth monomer
from the free end asz(F,n). The incompressibility of the dry
polymer brush creates a pressure fieldP(z), which causes chains
to stretch.2,27 In previous theoretical works, it was shown that1,6

the pressure fieldP(z) contributes to the single chain free energy
as follows (see section III):

To obtain the complete brush configuration, the sum of all the
single chain free energies must be minimized, subject to the
volume constraint. The full solution to this problem was obtained
in Semenov’s SCF theory of ref 1, including the quadratic
pressure fieldP(z) and the chain end distributiong(F) given by
eq 1. (In section III and Appendix A, the derivation ofg(F) is

Figure 2. Chains in a polymer brush are stretched toward the free
surface on average. Entropy produces fluctuations about the average
path. The scale of these fluctuations, the blob sizeêblob(z|F), is an
increasing function ofz and depends also on the location of the chain
end,F. The blob size at the brush surface isêsurf.

Fchain) ∫0

N
dn [ 3

2a2(∂z(F,n)
∂n )2

+ P(z(F,n))a3] (2)

P(z) ) P0(1 - z2

h2); P0 ≡ 3π2h2/8N2a5;

g(F) ) σ
h

F

xh2 - F2
(1)
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briefly outlined for completeness.) In ref 6 it was pointed out
that the path of a chain in the pressure fieldP(z) is related to
the classical motion of a particle with massm ) 3/a5 in the
potential field-P(z). In this analogy, the “stretch” of a chain,
∂z/∂n, corresponds to the velocity of the particle; hence, an
equation analogous to the conservation of kinetic plus potential
energy relates∂z/∂n to the pressure field:

Combined with the chain end distribution in eq 1, this chain
path equation completes the full brush configuration. The SCF
solution, however, is valid in the strongly stretched limit and
provides only the average path of a chain, a straight path
orthogonal to the grafting surface. The actual polymer path
fluctuates about this average path on short length scales,êblob.
This is the blob size. As we will see, this scale defines the
boundary between small and large inclusions.

Now since the pressure fieldP(z) is a function of position in
the brushz, the blob sizeêblob also depends onz. Moreover,
each chain has its own end positionF, so the blob sizes of
different chains at a given locationz are in general different
(see Figure 2). Let us defineêblob(z|F) to be the blob size atz
for a polymer with its free end atF. Denotingnblob as the number
of monomers in the blob,êblob(z|F) ) nblob

1/2a because below
the fluctuation length scale monomers random walk. On the
other hand, the SCF solution suggests a linear displacement
=(∂z/∂n)nblob. The crossover from random walk statistics to the
SCF solution defines the blob scale:

Thus,nblob
1/2 = a/(∂z/∂n). Using eq 3, we have

Note êblob is a function of bothF andz, so at locationz many
chains with different end positionsF > z coexist, each with its
own blob size. Using the chain end distribution functiong(F),
we now calculate the average blob size atz from eq 5, giving

For most locationsz in the brush we haveh - z ) O(h), and
thus in eq 6 the denominator approximatesh2 - z2 = h2. Thus,
the “typical” average blob size within the brush is given by

This scale is simply the blob size of the simplified Alexander-
de Gennes theory.3-5 For a given positionz, those few chains
which have endsF just abovezhave blobs larger than the above
estimate; however, these contribute negligibly to the average
blob size due to their rarity. In this study, we will useêhblob as
the characteristic local chain fluctuation scale, since most chains
have a blob size of this order.

The surface blob atz ) h is a special case. Thez-dependent
blob expression, eq 6, does not correctly describe its size,êsurf

(it diverges unphysically asz approachesh). However, we can
estimateêsurf using a simple argument related to that used to

analyze the penetration of chains into a brush surface in ref 28.
From eq 1 the pressure fieldP(z) near the free surface is
approximately linear, 2P0(h - z)/h; hence, the mean pressure
field acting on the monomers in the surface blob isP0êsurf/h.
The blob size is obtained by equating the energy due to pressure,
nbloba3 × P0êsurf/h, to kBT. Herenblob

1/2a ) êsurf from random
walk statistics. Thus

An important observation is that the surface blob sizeêsurf is
much larger than that in the interior of the brush,êhblob, reflecting
the fact that the brush is much softer at the top surface than
deep in its interior. In section V we will discuss how this soft
surface region can hold nanoinclusions more easily than the
interior of a brush.

III. Nanoinclusions in a Polymer Brush: Formal
Framework

In this section the SCF theory is generalized to a brush
containing nanoinclusions. This generalization shares some
features of prior theoretical analyses of homopolymers in block
copolymer systems.29-33 Consider a brush of chains grafted on
a surface atz ) 0 (see Figure 1) containing nanoinclusions
distributed with some position-dependent volume fraction
φ(r ). We write the position of thenth monomer of a chain as
r (G,n) whereG is the position of the free end. In the strongly
stretched regime, the total free energy is

The first term is the total chain stretching energy at a given
chain end distributiong(G). The second term represents the
constraint that chain end grafting density of this brush isσ. The
transverse vectorr⊥ only hasx and y components, and the
Lagrange multiplierη(r⊥) is the chemical potential of a chain
(see Appendix B). The last term is from the condition that
monomers plus nanoinclusions are space-filling; i.e., the mono-
mer volume fraction is equal to 1- φ(r ). The Lagrange
multiplier imposing the density constraint is the pressure field
P(r ), the 3-dimensional generalization of the 1-dimensional field
P(z).

The set of chain paths provides complete information about
how polymers behave, given the nanoinclusion distribution
φ(r ). In the mean field framework, each chain selects its path
to minimize its stretching energy under the given constraints;
the chain path equation is obtained by minimizingFbrush with
respect tor (G,n):

Note this chain path equation is in fact the same equation as
that for pure brushes;1,6 even though the inclusion density field
φ(r ) modifies the pressure fieldP(r ), the chain path “dynamics”
have no explicit dependence onφ(r ).9,10 That is, chains and
inclusions interact only through the pressure fieldP(r ).

Before solving the complete chain paths, we must know how
the pressure fieldP(r ) changes at the given inclusion density

3

2a5(∂z(F,n)
∂n )2

) P(z) - P(F) ) 3π2

8N2a5
(F2 - z2) (3)

nblob
1/2a =

∂z
∂n

nblob (4)

êblob(z|F) =
2Na2

π(F2 - z2)1/2
(5)

êhblob(z) =
Na2

xh2 - z2
(6)

êhblob = Na2/h =
1

σa
(7)

êsurf = ( 8Na

3π2σ)1/3
(8)

Fbrush) ∫dG g(G)∫0

N
dn

3

2a2(∂r(G,n)
∂n )2

+ ∫dr ′⊥ η(r ′⊥) ×

(σ - ∫dG g(G)δ(r⊥(G,N) - r ′⊥)) - ∫dr ′ P(r ′)a3 ×

( 1

a3
(1 - φ(r ′)) - ∫dG g(G)∫0

N
dn δ(r ′ - r (G,n))) (9)

3

a5

∂
2r (G,n)

∂n2
) ∇P(r ) (10)
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field φ(r ). The general solution for the nonsymmetric 3D
pressure fieldP(r ) that forces all chains to reach the grafting
surface afterN steps is rather difficult to find analytically. In
fact, since inclusions represent singular domains, standard
perturbative approaches are not valid, a point which we discuss
briefly in section VI.

Our approach is nonperturbative. We treat a collection of
small nanoinclusions as a fluidlike presence in the brush which
occupies only a certain fraction of the available space; thus,
the nanoinclusion fraction functionφ(r ) is smeared out, coarse-
grained over the interparticle separation. Much of our interest
will be in theequilibriumsituation, where nanoinclusions have
found their thermodynamically desired distributions. In equi-
librium, symmetry dictates that the coarse-grained continuous
nanoinclusion density field has no dependence in the directions
parallel to the grafting surface. Thus,φ(r ) depends only on the
z coordinate (see Figure 1), and in consequence all other
variables in the free energy also depend onz only. This is a
considerable simplification.

The “fluidization” method ignores chain stretch in the lateral
(x andy) directions, a good approximation for inclusions smaller
than the fluctuation length scaleêhblob, since then the lateral
deviation enforced by an inclusion is less than the chain’s
intrinsic lateral fluctuation scale. In this and the following section
we consider only this case. Inclusions larger thanêhblob are
considered in section VI and subsequent sections.

Specializing to such small inclusions, the full brush free
energy, eq 9, now simplifies since all variables depend onz
alone. (The simplified free energy is presented in Appendix B.)
The dynamics, eq 10, are now one-dimensional, allowing the
pressure field to be obtained analytically.

To satisfy the condition that every chain reaches the grafting
surface afterN steps, the 1D pressure fieldP(z) must have the
quadratic form displayed in eq 1,2 where the brush heighth is
now increased by nanoinclusions relative to the inclusion-free
brush value,h0. Volume conservation leads to

Hereφh is the overall nanoparticle fraction. GivenP(z), one can
now determine the chain end distributiong(F) for an arbitrary
nanoinclusion density distributionφ(z):

The method is presented in ref 10. In Appendix A this result is
obtained in a rather simple way.

Note that the quadratic pressure fieldP(z) was calculated
under the assumption that chain ends occupy all locations 0<
F < h. Now if eq 12 then gives negativeg(F) in any domain,
this indicatesP(z) is wrong. It must then be recalculated under
the constraint of chain-end-free zones.21 Interestingly, eq 12
implies that as long asφ(z) is an increasing function of height
z, the functiong(F) is guaranteed positive. In section V, we
showφ(z) must indeed always be monotonically increasing to
satisfy conditions of thermodynamic equilibrium. Hence, the
quadratic pressure profile and the chain end distribution of eqs
1 and 12 are valid when nanoinclusions have reached equilib-
rium within the brush.

IV. Chain Stretching Energy Penalty Due to Inclusions

To obtain equilibrium nanoinclusion density distributions, the
change in the brush free energy∆Finc due to inclusions must

be determined and then minimized. In this section we obtain
∆Finc for a given profileφ(z).

Knowing P(z) andg(F), the total chain stretching energy per
unit area can be calculated. This is the sum of all individual
chain stretching energies:

Sinceg(F) is quite complex (see eq 12), it is rather difficult to
evaluate this integral directly. It can be calculated, however, in
a similar way to that used for pure brushes.29-33 Although the
stretching energy of each polymer chain depends on the location
of its free end, the sum of its stretching plus pressure energies
(eq 2) is a constant, regardless of chain end position. Thus, the
stretching energy can be expressed in terms of the pressure field
P(z) and the inclusion fractionφ(z), without explicitly involving
g(F). One then finds

A detailed derivation is presented in Appendix B.
For any given nanoinclusion distributionφ(z), eq 14 provides

the exact chain stretching energy. If the mean nanoinclusion
densityφh is small, this can be further simplified (see Appendix
B):

This result tells us that inserting an inclusion at a heightz
generates energy penaltyP(z)Vp. Since the pressure decreases
with height z, an inclusion experiences an upward buoyancy
force rather analogously to a macroscopic object in water. Note
that the meaning ofP(z) is the pressure relative to that at the
brush surface (we choseP(h) ) 0).

Note thatP(z)Vp is the free energy of an inclusion located at
z relative to the free energy it would have at locationz ) h.
Thus, ∆Finc is the free energy of the inclusion profileφ(z)
relative to the free energy of the same inclusions were they all
located atz ) h (φ(z) ) δ(z - h)φhh). Thus,∆Finc describes
how particles tend to distribute within the brush, given they
are inside the brush. Thus, polymer-particle enthalpic interac-
tions provide an additive constant to the total energy and can
be ignored.

V. Equilibrium Nanoinclusion Distribution

Equations 14 and 15 give the free energy cost for a general
inclusion density distributionφ(z). In typical experiments,
however,φ(z) is not directly controllable. In this section we
calculate the distribution assuming kinetics permit equilibrium
to be reached.

Consider nanospheres of radiusb and volumeVp at small
volume fraction such that the chain stretching free energy of
eq 15 applies. Adding a simple Flory-Huggins particle entropy
term, the total free energy change per unit area is

Higher-order terms inφ(z) representing interparticle interactions
were neglected for consistency with eq 15. The last term,

h )
h0

(1 - φh)
, φh ≡ ∫0

h
dzφ(z)/h (11)

g(F) ) F
Na3(1 - φ(h)

xh2 - F2
+ ∫F

h
dz

dφ(z)/dz

xz2 - F2) (12)

Fstretch) ∫0

h
dF g(F)∫0

N
dn (∂z(F,n)

∂n )2

(13)

Fstretch) ∫0

h
dz (P0 - P(z))(1 - φ(z)) (14)

∆Finc ) ∫0

h
dz P(z)φ(z) + O(φh2) (15)

∆Ftotal ) ∫0

h
dz P(z)φ(z) +

∫0

h
dz

φ(z)
Vp

log φ(z) + µ(hφh - ∫0

h
dzφ(z)) (16)
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containing the chemical potentialµ, enforces mean nanoinclu-
sion density.

Minimizing the above free energy, one obtains8

wheref (x) ) 2x3/2ex3/xπ erfi(x3/2), and erfi(x) is the imaginary
error function. The limiting behaviors off (x) aref (x) f 1 for
x , 1 and f (x) f 2x3 for x . 1. An important particle size
scale emerges

whereC ) 21/3/π. From eq 17, small nanoinclusions (b , b*)
spread throughout the brush almost uniformly, while larger
inclusions (b . b*) reside near the free brush surface, with
strongly suppressed penetration into the brush. Thus, brush-
nanoinclusion systems can be divided into three classes (see
Figure 4):-

(i) Small nanoinclusions,b , b*:

In this case inclusion entropy dominates chain stretching energy,
so inclusion density is almost uniform (see Figure 3a).

(ii) Intermediate sizes,b* , b , bmax: Here inclusions
penetrate to a depthδ , h only (the scalebmax is defined below).
In the regionh - δ j z < h the pressure can be approximately
linearized in eq 17, giving

The penetration depthδ is much less than the full heighth. For
depths greater thanδ, particles in this size range impose a brush
stretching energy penalty exceedingkBT; the buoyancy effect
thus pushes them close to the brush surface where the brush
environment is soft (see Figure 3b) due to the chain end

relaxation effect established by Semenov.1,2 Mixing entropy
opposes this, and the penetration depthδ is obtained by
balancing the entropy, of orderkBT, with P(δ)(4πb3/3) which
is the particle’s chain stretching energy penalty at depthδ.

The physical meaning of eq 20 is limited to cases where
φ(h) is less than unity. Now if the mean densityφh reaches the
valueφsat ) (1/2)(b*/b)3, we haveφ(h) ) 1; at this point the
brush is saturated, and further inclusions will phase separate
leaving the particle density in the brush layer at the valueφsat

(see Figure 3c).
(iii) Large nanoinclusions,b . bmax: With increasing particle

size, the penetration depthδ decreases and becomes comparable
to the size of the particle itself at a valueb ) bmax )
(b*/bmax)3(h/2). Larger particles cannot penetrate the brush (see
Figure 3d). Thus, the maximum particle size the brush can
accommodate is

Figure 4 summarizes these results. A brief report of these
findings was presented in ref 8. We remind the reader that the
analysis assumed nanoinclusions smaller than the typical blob
size êhblob. Interestingly, however, the phase diagram has a
broader validity than one might have thought: particles bigger
than êhblob exceedbmax in size in most cases; thus, they are
predicted to be driven to the free surface. But at the free surface
the blob size is unusually large, equal toêsurf; thus, provided
particle size is less thanêsurf, the conclusion remains valid. This
is discussed further in the final conclusions section.

VI. Polymer Brushes with Large Nanoinclusions

In this section we consider nanoinclusions larger than the
typical blob size êhblob, the chain fluctuation scale. Chain
trajectories are now forced to make lateral displacements (see
Figure 5) larger thanêhblob. The brush free energy (eq 9) and
chain path (eq 10) equations are unchanged, but the path around
an inclusion cannot be determined until the pressure fieldP(r )
near the large inclusion is obtained. We begin with a simple
argument as to whyP(r ) is strongly perturbed relative to the
pure brush value. This tells us that perturbation theory is invalid,
and we must resort to other technical approaches.

Figure 3. Distribution of inclusions depends strongly on inclusion size.
(a) Inclusions smaller thanb* completely mix. (b) Inclusions in the
size rangeb* < b < bmax partially mix and remain near the soft free
brush surface. The penetration depth isδ ) (b*/b)3(h/2). (c) For the
partial mixing case (b), if mean inclusion density exceeds the saturation
densityφsat) (1/2)(b*/b)3, excess inclusions are expelled from the brush
layer and phase separate. (d) Inclusions larger thanbmax are completely
expelled, and phase separate from the brush.

φ(z) ) φ(h)e-P(z)Vp ) φhf (b/b*)e(1 - z2/h2)(b/b*)3
(17)

b* ≡ ( 3
4πP0

)1/3
) Ca(Na

h )2/3
(18)

φ(z) = φ(h)(1 - (1 - z2

h2)( b
b* )3), φ(h) = φh(1 + 2

3( b
b* )3) (19)

φ(z) = φ(h)e(z-h)/δ, φ(h) = 2( b
b* )3

φh, δ ≡ (b*/b)3(h/2) (20)

Figure 4. Predicted phase diagram describing brush-inclusion
mixtures. The minimum chain length for a stretched brush to form is
Nmin ) (1/σa2)2. Complete mixing regime: regionb < b*. Partial
mixing: b* < b < bmax. Exclusion: b > bmax. The typical blob size
and surface blob size areêhblob and theêsurf, respectively.

bmax ) ( Na2

2π3σ)1/4

∼ N1/4 (21)
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A. Lateral Stretch Is a Large Perturbation. Consider a
chain passing near an inclusion whose free end is far removed
from the inclusion. The difference in pressure∆PAB between
two locations A and B belonging to a chain trajectory can be
estimated as follows (see Figure 5).

During its journey from A to B, the direction of this polymer
path is significantly tilted; i.e., the chain stretchu ≡ ∂r /∂n gains
an x direction componentux of order uz. Since the distance
between the points is of orderb in bothz andx directions, the
number of monomers∆n between A and B is given ap-
proximately byuz∆n = b. Estimating thex directional stretch
change from the chain path equation, eq 10, we haveux =
a5(∂P/∂x)∆n = a5(∂P/∂x)b/uz, and thus

where the last identity in eq 22 follows from eq 3. Thus, near
a large inclusion the pressure change iscomparable to the
unperturbed pressure. This is a simple but important conclusion.

It follows that perturbation theory,9,10 which assumes the
relative change in pressure and other variables is much less than
unity, cannot describe large nanoparticles. An appropriate
description must yield a pressure field with short scale features
near such a large inclusion.

Note that the above argument (leading to eq 22) also tells us
that it is now essential to include lateral displacements of chain
trajectories because these induce order unity pressure changes.
Our fluidization approach for small nanoparticles neglects lateral
displacements and must therefore be replaced by another
approach. It is tempting to argue that a perturbative approach
may work for particles much smaller than the brush size,b ,
h, even if they are large in the senseb > êhblob. This is wrong,
however: since the pressure perturbation due to lateral devia-
tions is orderP(z), thus the corresponding free energy change
is orderP(z)Vp. This is of the same order as the free energy
result in the fluidization approach of section IV. In the next
subsection, we use an entirely different approach.

B. Chain Path around a Single Large Inclusion: Hydro-
dynamic Analogy. Our initial goal is to find the chain
configurationr (G,n) and the pressure fieldP(r ) around a large

nanoinclusion of arbitrary shape. To our knowledge, no analyti-
cal theory has to date produced complete solutions, and the
major tools in past work have been numerical methods.11-14

Our starting point is an interesting analogy identified by
Pincus and Williams34 between a brush containing inclusions
and a certain hydrodynamic problem. The analogy in fact only
applies to the approximate Alexander-de Gennes (AG) brush
whose ends are assumed all to lie at the brush surface. For this
subsection and the next, we use this approach to determine chain
paths and brush free energies. The results and concepts will
prove very helpful in understanding the true end-annealed brush,
which is considered in section VII.

The observation of Pincus and Williams is that the paths of
polymer chains in a brush-inclusion system coincide with the
streamlines of an incompressible inviscid fluid flow past the
same inclusion (see Appendix C for proof). This analogy is very
powerful, since flows past objects of many shapes and sizes
have been established long ago.35 The velocity field in the fluid
maps to the chain stretch field,∂r /∂n, in the brush. The complete
set of analogous quantities in the brush and hydrodynamic
systems are displayed in Table 1. For example, the unperturbed
fluid kinetic energy density maps to the energy density of the
brush without an inclusion:

wherePA is the energy density in the AG brush3-5 which in
our language is the pressure. More generally, the change in fluid
kinetic energy due to insertion of an object into the flow is
analogous to the change in brush free energy due to insertion
of this same object. Since the former is known in many cases,
this allows the analogous energy change for the brush to be
determined.

Note that it is easy to see why there can be no hydrodynamic
analogy for the true end-annealed brush, for which the chain
stretch field is not a single-valued function of the chain position
r since it depends also on which chain one selects at this
position, according to the location of the chain end. That is,
∂r /∂n depends on bothr andG. In the flow, of course, the fluid
velocity field is a single-valued function ofr . Note the analogy
in fact also applies to a third system: for type I superconductors,
magnetic flux lines are expelled from a superconducting object
(the complete Meissner effect36). Placed in a constant external
magnetic field, the flux lines follow the same paths as polymer
chains in a brush-inclusion system.

Given a brush plus inclusion, the analogous hydrodynamic
system involves a stationary inclusion in a moving fluid with
far field velocity V0 in the +z direction, as shown in Figure 6.
A technical issue is that literature flow problems are usually
phrased as35 objects moving with velocityV0 in the-zdirection
(see Figure 6) in a stationary fluid. To use the analogy, therefore,
we must first translate from the stationary fluid system to the
stationary inclusion system.

Consider first stationary fluid systems. The first row of Table
2 summarizes the fluid kinetic energy induced by various
inclusion shapes, taken from the classic hydrodynamics text by
Lamb.35 For a sphere of volumeVp (Table 2, column b), the

Figure 5. Chain path near a large inclusion (b > êhblob) is significantly
altered. This implies the local pressure difference between typical
locations A and B,∆PAB, has a value of order the unperturbed pressure
P(z).

Table 1. Analogous Quantities in the Brush, Hydrodynamics, and Magnetostatics Systems

Alexander-de Gennes brush hydrodynamics magnetostatics

polymer incompressibility fluid incompressibility ∇‚B ) 0
chain paths,r (G,n) streamlines B-field flux lines
chain stretching,∂r /∂n fluid velocity, V B-field
3/a5 fluid mass density,F permittivity-1, 1/ µ
chain stretching energy, (3/2a5)(∂r /∂n)2 kinetic energy,1/2FV2 B-field energy,B2/2µ

∆PAB = (∂P/∂x)b = uz
2/a5 = P(z) (22)

FV0
2/2 f (3/2a5)(∂r /∂n)2 ) PA ) 3h2/2N2a5 (23)
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fluid kinetic energy is (1/4)FV0
2Vp, while the fluid mass displaced

by the sphere isFVp; hence, half of the displaced mass is added
to the inertia of the sphere. In general, the fluid kinetic energy
induced by the object depends on its shape. A long horizontal
cylinder (Table 2, column c) induces twice the energy of the
sphere of the same volume. Interestingly, the induced kinetic
energy can vary by orders of magnitude for certain extreme
shapes: a thin vertical cylinder (Table 2, column a) induces
negligible energy because the object minimally interferes with
the fluid motion, while a circular thin plate (Table 2, column
d) creates a large disturbance regardless of its thickness, with
an effect similar to that of a sphere of the same radius.

The translation from stationary fluid to stationary inclusion
entails a velocity boost of the former system byV0 in the +z
direction (see Figure 6); it is shown in Appendix D that this
boost induces a fluid kinetic energy change equal toFV0

2Vp,
regardless of shape. Thus, the inclusion-induced fluid energy
change in the stationary inclusion system, shown in the second
row of Table 2, is obtained by addingFV0

2Vp to the first row of
Table 2. Note that the energy expressions in the second row of
Table 2 involve the unperturbed fluid kinetic energy density,
FV0

2/2. Replacing this with the unperturbed brush stretching
energy density,PA (see eq 23), gives our final results for the
total inclusion-induced chain stretching energy of the brush
(third row of Table 2).

C. Results: Energy Penalty Due to Inclusions of Various
Shapes.The shape costing minimum energy is a thin vertical
cylinder (Table 2, column a): the energy cost is 2PAVp. The
origin of this baseline energy is that in general the velocity boost
(translating the stationary fluid to the stationary inclusion
system) adds a shape-independent energy changeFV0

2Vp to the
original shape-dependent kinetic energy. This change,FV0

2Vp,
translates to a stretching energy change 2PAVp in the brush
system. Since this additional energy penalty is independent of
inclusion shape, 2PAVp is a lower bound for the energy required
to insert an inclusion of volumeVp. The slender nature of the
vertical cylinder in the very thin limit is such that there is no
additional shape-dependent contribution in this case; lateral
stretch is negligible, while vertical stretch due to polymer
incompressibility costs 2PAVp.

For other shapes, the total chain stretching energy exceeds
this baseline of 2PAVp. A sphere (Table 2, column b) costs total
energy (5/2)PAVp, while a long horizontal cylinder (Table 2,
column c) costs 3PAVp. For these shapes the energy cost equals
the baseline to within prefactors of order unity.

Figure 6. Inclusions of different shapes in an Alexander-de Gennes
(AG) brush. Using the fact that polymers do not penetrate inclusions
together with Kelvin’s minimum energy theorem,35 an analogy can be
shown with a hydrodynamical system: brush chain paths follow
streamlines in the analogous hydrodynamic system. Hence, the kinetic
energy of the fluid is analogous to the total chain stretching energy of
the brush.

Table 2. Kinetic Energies in Brush Systems and the Analogous Fluid Systems for Different Shapesa

a First row: fluid kinetic energy induced by inclusion moving with speedV0 in -z direction (fluid stationary at infinity). Second row: induced fluid
kinetic energy after “velocity boost”; fluid is then moving with speedV0 in z direction while inclusion is stationary. Note the second row is obtained from
the first row by adding the constant,FV0

2Vp. Third row: Alexander-de Gennes brush stretching energy induced by inclusion. This is obtained by replacing
the unperturbed fluid energy density (1/2)FV0

2 of the second row with the unperturbed brush stretching energy densityPA. Fourth row: lower and upper
bounds for the free energy change due to an inclusion,∆Finc, in the correct end-annealed brush. The lower and upper bounds differ only by a prefactor of
order unity with the exception of (d), the thin circular plate shape.
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Interestingly, for a circular thin plate (Table 2, column d)
the induced energy is much larger than the baseline value. The
shape-independent part, 2PAVp, is negligible compared to the
shape-dependent part (8b/3πw)PAVp for plate thicknessw much
smaller than the plate radius,b. The thin plate generates a very
large lateral chain stretch effect regardless of its thickness; hence,
its effect is similar to that of a sphere of the same radius.
Physically, this tells us that such a disk will tend to get rotated
if kinetics permit.

VII. Large Inclusions in the End-Annealed Brush
In the previous section we calculated inclusion free energy

penalties∆Finc in the approximate framework of the AG brush.
In this section we address the true end-annealed brush. This is
a rather difficult problem for large particles, which strongly
perturb chain configurations. Our approach here is to establish
lower and upper bounds on the free energy∆Finc. Much of our
approach is motivated by our findings for the simpler AG brush.

A. Lower Bound for Free Energy. In Appendix E we prove
that a lower bound for an inclusion of volumeVp at heightz0 in
the true end-annealed brush is

whereP(z) is the unperturbed pressure given by eq 1. This lower
bound is the free energy one would get if one uniformly smeared
out the particle laterally over a very large areaA, so that
φ(z)A dz has the same volume as the particle in the height
interval (z, z + dz) (see Figure 7). Hereφ(z) is the volume
fraction distribution in Figure 7b. For this distribution we can
simply adopt our result from the small particle analysis treating
nanoinclusions as a fluid, section IV,∆Finc ) ∫0

hP(z)φ(z) dz
(eq 15). Physically this is sensible: if one allowed a particle to
“dissolve” laterally (while constraining its height to bez0), one
would expect the equilibrium state to be a laterally symmetric
one.

The requirement for this bound to be valid is that the particle
size be small compared to brush height (b , h) such that the
pressure variation in the region of the inclusion is small (see
Appendix E).

B. Upper Bound for Free Energy.In Appendix F we prove
that an upper bound for an inclusion of volumeVp at heightz0

in the true end-annealed brush is

whereâ is a shape-dependent constant (see Table 2, fourth row).

The approach adopted in Appendix F starts from the
observation that any brush configuration satisfying the polymer
incompressibility constraint provides an upper bound to∆Finc,
since the actual∆Finc corresponds to that configuration mini-
mizing the brush-inclusion free energy. The challenge is to
find a configuration whose free energy is close to the minimum
valueP(z0)Vp. In Appendix F we determine such a “good” chain
configuration. The chain paths are constructed through the
following two steps: (i) A sphereS of radiusR enclosing the
inclusion is imagined (see Figure 8); then we determine an AG
brush configuration which minimizes the energy penalty within
S but leaves chain paths outside of the sphere as in the
unperturbed AG brush. (ii) Adopting the monomer mapping
function defined by (i), we construct chain paths for an inclusion
in the end-annealed brush. This leads to the bound of eq 25.

C. Shape Dependence of Inclusion Energy.Our results for
upper and lower bounds for energies of inclusions of different
shapes are shown in Table 2 (fourth row). The lowest energy
shape is a thin vertical cylinder (Table 2, column a) for which
the upper and lower bounds coincide, giving us the precise result
P(z)Vp. For most other shapes the bounds differ only by a
prefactor of order unity: the energy penalty is between 1 and
1.25 timesP(z)Vp for a spherical inclusion, and between 1 and
1.5 timesP(z)Vp for a horizontal cylinder (see Table 2, columns
b and c). For all of these shapes, therefore, we find the energy
cost is close to the small particle resultP(z)Vp used to obtain
the phase diagram of Figure 4. This phase diagram is thus
qualitatively applicable to large particles as well (b > êhblob).

The thin circular plate shape is different (Table 2, column
d). Here the lower boundP(z)Vp, which neglects lateral stretch,
can be very different to the upper bound, (4b/3πw)P(z)Vp, where
b andw are plate radius and thickness, respectively. In this case
the bounds are not very useful, taken on their own. A simple
estimate of∆Finc follows, using an argument similar to that of
section VI. In the region within=b of the inclusion, an excess
pressure∆P = P(z) is necessary to create the required lateral

Figure 7. A single large inclusion of volumeVp distantz0 from grafting
surface. (b) The inclusion has been laterally uniformly smeared into a
region of areaA such thatφ(z)A dzhas the same volume as the particle
in the height interval (z, z + dz). In Appendix E we prove that the
extra energy∆Finc due to the inclusion in (a) is always larger than the
extra energy in (b). The latter is equal toP(z0)Vp for inclusions small
compared to brush height.

∆Finc g P(z0)Vp (24)

∆Finc e â(P(z0)/2)Vp (25)

Figure 8. An Alexander-de Gennes brush before and after the addition
of an inclusion. The brush configuration with the inclusion is
constructed as follows. A sphereS of radiusR is imagined, such that
chain paths outside ofS are vertical, while chain configurations within
S are determined by the condition that the energy must be a minimum
in S. This defines a mappingf from the unperturbed brush to the
perturbed brush. (b) An end-annealed brush configuration is constructed
similarly to (a), using the same mappingf. Note that outsideS the
brush is unperturbed by the inclusion except for vertical translation.
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stretch. Thus,∆Finc = P(z)b3 = (b/w)P(z)Vp. We conjecture,
therefore, that our upper bound is close to the true energy
penalty. A brief report of these bounds has appeared in ref 8.

This section has considered single inclusions. Many-inclusion
interactions are often important, for example, when mutually
attractive inclusions aggregate. Applying the hydrodynamic
analogy to a brush containing two inclusions, one sees the
interaction is dipole-like: they attract when aligned vertically
but repel when at the same horizontal level (see Figure 9). For
the AG brush where the analogy is exact, this conclusion is
directly applicable. However, in the SCF brush we only know
bounds on the free energy, so solid conclusions are not possible.
Nevertheless, the qualitative aspects of interparticle forces are
likely to be the same as in AG brushes, since our results suggest
a horizontal plate-shaped aggregate of several particles tends
to break up into a vertical cylinder shape of the same volume,
this having lower free energy.

Note that these effective interparticle interactions, however,
may be overwhelmed by the buoyancy forces discussed previ-
ously: while the dipolar interaction energy between two particles
separated byr is =P(z)Vp

2/r3, the stretching energy isP(z)Vp.
For separations large compared to particle size, therefore, the
forces pushing particles toward the free brush surface will be
much stronger than attractive or repulsive brush-induced forces.

VIII. Conclusions

We have studied the effect of inclusions on brush configura-
tions and free energies which depends strongly on inclusion
shape, size, and inclusion location in the brush. The free energy
penalty ∆Finc of introducing an inclusion determines how
inclusions of sizeb distribute in the brush. For particles smaller
than the typical fluctuation in monomer position,b < êhblob, we
developed a self-consistent field (SCF) theory to show∆Finc )
P(z)Vp per inclusion. In equilibrium this competes with entropy.
Entropy dominates, giving a uniform distribution within the
brush, for small inclusions,b < b* whereb* ∼ (N/h)2/3. Larger
inclusions,b > b*, are expelled to the brush surface, and the
largestb > bmax are expelled entirely, wherebmax ∼ N1/4. This
size-dependent phase behavior is summarized in the phase
diagram of Figure 4.

The effect of big inclusions,b > êhblob, is qualitatively different
because chain trajectories are forced to deviate strongly in the
lateral directions (x, y in Figure 1).∆Finc then exceedskBT,
and such a particle will ultimately be expelled. Since kinetics
are often slow, however, an important issue is the value of
∆Finc(z). We proved this has a lower boundP(z)Vp (the small
particle result), while we found upper bounds strongly dependent
on shape. For most shapes we found∆Finc(z) equalsâP(z)Vp,
whereâ is a shape-dependent constant of order unity (see Table
2).

In particular, a thin vertical cylinder for which the upper and
lower bounds coincide has energy penalty exactlyP(z)Vp. For
a given volume, then, vertical orientation and slender long shape
gives the lowest free energy; thus, deformable inclusions will
tend to suffer shape change in this direction before expulsion.
For the circular plate shape (Table 2, column d) the bounds are
not useful, and we conjecture this is the worst shape with highest
energy.

In the phase diagram of Figure 4 the typical brush fluctuation
scaleêhblob is compared to the inclusion scalesb* andbmax. Now
for an inclusion in the complete or partial mixing regimes,b <
bmax, in most parts of the phase diagram the inclusion is then
automatically smaller thanêhblob so the phase diagram behavior,
based on our small particle analysis, is a valid description. For
bigger inclusions,b > bmax, the phase diagram predicts expulsion
from the brush. But we know from our large inclusion analysis
of section VII that the inclusion energy penalty is at least
P(z)Vp; thus, this expulsion conclusion remains valid for these
large particles. The one sector where the phase diagram is not
self-consistent is the regionêhblob < b < bmax; here we have
only established free energy bounds. In most cases, however,
the bounds yield energies equal to the small particle result to
within prefactors of order unity. Overall, therefore, the phase
diagram of Figure 4 is a reliable description regardless of particle
size.

Let us now compare our conclusions to a few experiments
and simulations. Thompson et al.12 numerically studied lamellar
phase A-B block copolymers mixed with A-like spherical
nanoparticles. They solved SCF equations for the block
copolymers together with density functional theory (DFT) for
particles. For their system, we estimateb* ) 0.09R0, whereR0

is the mean-square polymer end-to-end distance. They found
particles of size 0.3R0 ) 3.3b* resided near the center of the A
layer, which in our language corresponds to the free surface of
the brush. This is consistent with our prediction that large (b >
b*) particles are expelled from the brush layer. However, smaller
particles of size 0.15R0 ) 1.7b* preferred the region of the A
layer near to the adjacent B layer. Since these are somewhat
bigger thanb*, we conclude that energetic interactions (absent
from our model) prevent expulsion for particles of this size.

Bockstaller et al.24 studied poly(styrene-b-ethylene propylene)
(PS-PEP) copolymers mixed with two different species of
compatibilized nanoparticles. We estimateb* ) 2.3 nm for their
system. One of the particle types, silica with mean radius 10.8
nm, resided at the center of the PEP layer. This is analogous to
the free brush surface and consistent with our predictions for
particle sizes aboveb*. On the other hand, gold particles of
mean radius 1.75 nm, smaller thanb*, were observed to occupy
the PS-PEP dividing surface, which corresponds to the brush
grafting surface. Our prediction is that they should distribute
fairly uniformly within one of the two layers. We speculate that
the energy interactions between nanoparticles and the two
copolymer blocks, which are of course beyond our simple
particle-brush analysis, may result in particles preferring the
dividing surface provided particle size is not so great that its
stretching energy penalty is severe. We hope that future
theoretical and experimental studies of brush and copolymer
systems will help to clarify the competition between these
entropic and energetic effects.
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Figure 9. Effective brush-mediated interaction between nanoparticles
is dipolar in the Alexander-de Gennes brush. (a) Vertically aligned
particles attract. (b) Particles at the same horizontal level repel. Thus,
horizontal plate-shaped aggregates tends to break up.
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Appendix A. Calculation of Chain End Distribution

In the end-annealed SCF brush, a specific chain end distribu-
tion g(F) minimizes the free energy while maintaining incom-
pressibility of the system. In this appendixg(F) is derived. The
inclusion volume fraction at positionz is φ(z), so the monomer
volume fraction is 1- φ(z), which must equal the sum of
monomer density contributions from all chains passing through
z whose endsF lie betweenz andh:

The meaning of the stretch function,∂z(F,n)/∂n, is the distance
between consecutive monomers at positionz, so its inverse is
the monomer density contribution of the given chain.

We seek the functiong(F) that satisfies this equation for all
z. Using eq 3 for the chain stretch∂z(F,n)/∂n, this gives

where f (z) ) π(1 - φ(z))/2Na3. Multiplying both sides by

z/xz2-w2 and integrating overz, we have

The term on the left can be simplified by changing the order
of integration to ∫w

hdF∫w
Fdz. Then the inner integral,∫w

Fdz

z/xF2 -z2 xz2 - w2, equalsπ/2 independent ofw andF. Then,
by integrating the term on the right by parts, we have

Finally, differentiating both sides with respect tow gives

This gives eq 12 in the main text after inserting the explicit
form of f.

Appendix B. Stretching Energy Penalty Due to Inclusions

A great advantage of the SCF approach is that the full brush
configuration can be explicitly obtained. This remains true when
inclusions are present, provided the inclusion density distribution
hasx andy directional symmetry (see Figure 1). In this appendix
we calculate how the brush configuration is modified due to an
inclusion density profileφ(z). We then obtain the exact chain
stretching energy.

The one-dimensional version of the total brush free energy,
eq 9, is

As in eq 9, the first term is the chain stretching energy while
the second term represents the constraint that chain grafting
density of this brush isσ. The last term is due to the space-
filling condition, eq A1. In this 1D expression, the pressure field
P(z) depends only onz and the other Lagrange multiplier,η, is
a scalar.

The last term of eq B1 can be simplified by changing the
order of integration,∫0

hdF∫0
Fdz. Then, changing the integration

variable fromz to n, the first part of the last term becomes

Minimizing the total free energyFbrush with respect to the
function g(F), each chain path must satisfy the following
condition:

The first term of the left-hand side is the stretching energy of
a given chain whose end is atF, while the second term is the
work which must be done against the pressure to insert the chain
into the brush. Thus, the physical meaning of this equation is
that, regardless of chain end position, all chains have the same
chemical potentialη, and hence the symmetry between chains
is broken such that chain ends can lie anywhere in the brush.
The explicit value ofη is obtained by considering a chain atF
) 0; such a chain has zero stretching energy and has pressure
energyP0Na3.

Using eq B3, the total stretching energy is

This can be readily evaluated from the pressure field, without
explicitly using the complex chain end distribution functiong(F),
as follows. Changing integration variable fromn to z and
reversing the order of integration, we have

where theF integral equals (1- φ(z)), the monomer density at
positionz (see eq A1).

Using the quadratic pressure profile, eq 1, this is rewritten

The brush height with inclusions ish ) h0/(1 - φh), increased
from the pure brush value,h0. Thus, the sum of the first two
terms is (π2h0

3/8Na5)(1/3 - φh)/(1 - φh)3. Taylor expanding with
respect toφh, its dependence onφh vanishes to first order. Thus,
if the mean inclusion density is small,φh , 1, the change of
chain stretching energy is

∫z

h
dF

g(F)

|∂z(F,n)/∂n| )
1 - φ(z)

a3
(A1)

∫z

h
dF

g(F)

xF2 - z2
) f (z) (A2)

∫w

h
dz∫z

h
dF

zg(F)

xF2 - z2xz2 - w2
) ∫w

h
dz

zf (z)

xz2 - w2
(A3)

∫w

h
dF g(F) ) 2

π(xh2 - w2f (h) - ∫w

h
dzxz2 - w2f ′(z)) (A4)

g(F) ) 2F
π ( f (h)

xh2 - F2
- ∫F

h
dz

f ′(z)

xz2 - F2) (A5)

Fbrush) 3

2a2∫0

h
dF g(F)∫0

N
dn (∂z(F,n)

∂n )2

-

η(∫0

h
dF g(F) - σ) + ∫0

h
dz P(z)a3 ×

(∫z

h
dF

g(F)

|∂z(F,n)/∂n| -
1 - φ(z)

a3 ) (B1)

∫0

h
dF∫0

F
dz P(z)a3 g(F)

|∂z(F,n)/∂n| )

∫0

h
dF g(F)∫0

N
dn P(z(F,n))a3 (B2)

3

2a2∫0

N
dn (∂z(F,n)

∂n )2

+ ∫0

N
dn P(z(F,n))a3 ) η ) P0Na3 (B3)

Fstretch) 3

2a2∫0

h
dF g(F)∫0

N
dn (∂z(F,n)

∂n )2

)

∫0

h
dF g(F)∫0

N
dn (P0 - P(z(F,n)))a3 (B4)

Fstretch) ∫0

h
dz (P0 - P(z))∫z

h
dF

g(F)a3

|∂z(F,n)/∂n| )

∫0

h
dz (P0 - P(z))(1 - φ(z)) (B5)

Fstretch) ∫0

h
dz (P0

z2

h2
- P0φ(z) + P(z)φ(z)) )

1
3
P0h - P0φhh + ∫0

h
dz P(z)φ(z) (B6)

422 Kim and O’Shaughnessy Macromolecules, Vol. 39, No. 1, 2006

CDV



Appendix C. Analogy between Brushes and
Hydrodynamics

In this appendix, following Williams and Pincus,34 we show
how the formal solution of the Alexander-de Gennes (AG)
brush is analogous to a specific hydrodynamical system. In the
AG brush, chain end positions are fixed at the free surface. Thus,
the brush chain stretchu ) ∂r/∂n is a well-defined vector field.
The total stretching energy is the sum of contributions from
each positionr , where the stretching energy is (3/2a2)(∂r/∂n)2

per monomer:

We seek the chain stretch fieldu minimizing Fstretch. Now
Kelvin’s Minimum Energy Theorem (see ref 35) states thatu
must be curl-free to minimize the energy; hence,u is the
negative gradient of a “chain stretch potential”ψ(r ), u )
-∇ψ(r) . At the same time, from the incompressible nature of
the dry polymer brush, the chain stretch field must satisfy∇‚u
) 0. Thus,ψ(r ) is a solution of the Laplace equation,∇2ψ(r )
) 0.

This solution is well determined if the boundary conditions
are given. For the brush-inclusion system the boundary
conditions are that the chain stretch fieldu converges to a
constant,u0, far from the inclusions, while at the surface of all
inclusions the stretch fieldu must be parallel to the inclusion
surface.

We can see that this brush-inclusion system is analogous to
a hydrodynamic system in which an incompressible inviscid
fluid flow with constant velocityu0 is perturbed by inclusions,
as follows. The velocity potential of the hydrodynamical system
satisfies Laplace’s equation35 with slip boundary condition at
inclusion surfaces. Thus, because of the uniqueness of solutions,
the fluid velocity field and chain stretch field are identical. This
proves the analogy. Equation C1 indicates that the fluid mass
density has the analogyF f 3/a5.

Note that the magnetic potential of a magnetostatic system
also follows Laplace’s equation. The slip boundary condition
of a brush-inclusion system is the same as that for a type I
superconductor exhibiting the complete Meissner effect.36 Thus,
a type I superconductor in constant external magnetic field is a
second analogy. Table 1 lists the analogous quantities in these
three systems.

Appendix D. Fluid Kinetic Energy Change Due to
Velocity Boost

In this appendix we calculate the change in kinetic energy
when a conversion is made from a “fluid-stationary” to an
“inclusion-stationary” system. Assuming an inclusion of
volumeVp is moving in the stationary fluid of volumeV with
velocity V0 in the -z direction (see Figure 6), the fluid
streamlines and kinetic energy depend on the inclusion geometry
only, independent of inclusion mass. For convenience, we set
the inclusion mass density toF, equal to the fluid density, so
the center of mass of the system is stationary. The total kinetic
energy is the fluid kinetic energy induced by the inclusion, say
Tf, plus the inclusion kinetic energy, (FV0

2/2)Vp. Now we
implement the frame boost by adding velocityV0 to all
components of the system. It is well-known that the relation
between the kinetic energy in the center of mass frame,TCM,
and the kinetic energy in the new frame,Ttotal, is Ttotal ) TCM +

(1/2)MtotalV0
2, whereMtotal is the total mass of the system. Thus,

Ttotal ) Tf + (FV0
2/2)Vp + (FV0

2/2)(V + Vp). Subtracting the
original fluid kinetic energy (FV0

2/2)V from Ttotal, the change
of kinetic energy due to the inclusion is

In the new frame, the inclusion is stationary so this kinetic
energy is purely due to fluid movement. Hence, the density of
the inclusion (set here toF) is irrelevant to the result. Thus, in
converting from a fluid-stationary to an inclusion-stationary
system, the velocity boost adds a constant kinetic energyFV0

2Vp.
The energy changes for the four shapes are listed in the third
row of Table 2. The quantityFV0

2Vp translates to 2PAVp in the
analogous brush-inclusion system; hence, an energy penalty
2PAVp is inevitable, regardless of inclusion shape. This is the
lower bound of the energy penalty to insert an inclusion of
volumeVp into the brush.

Appendix E. Lower Bound for Free Energy Due to Large
Inclusions

In this appendix we show the lower bound for the free energy
penalty due to a large inclusion of volumeVp at heightz0 is
P(z0)Vp. We will prove that the free energy penalty due to one
inclusion (Figure 7a) always exceeds the penalty in the brush
situation of Figure 7b, where the inclusion has been laterally
uniformly smeared into a region of areaA so thatφ(z)A dz has
the same volume as the particle in the height interval (z, z +
dz). Hereφ(z) is the volume fraction distribution in Figure 7b.
For largeA, this is a laterally symmetric situation for which
the exact energy penaltyP(z0)Vp is known from our small
inclusion analysis, section IV.

The end distribution functiong(G) and chain pathsr (G,n) in
Figure 7a assume the values minimizingFbrush. Let us define
the chain stretch at heightzof the chain whose end is at position
G to beu(G,z) ≡ ∂r (G,n)/∂n. Note the functionsg(G) andu(G,z)
completely define the brush configuration. Interestingly, we can
make the following lateral average of these functions represent-
ing a physically realizable brush configuration for the laterally
symmetric situation of Figure 7b:

To show gavg(Fz) and uavg(Fz,z) indeed represent a valid
symmetric brush configuration, we must check the following
conditions are satisfied: (i)gavg(Fz) gives the correct total
number of chains; (ii) the local monomer density at heightz
equals 1- φ(z); (iii) the stretch field is such that every chain
has lengthN.

From the definition ofgavg(Fz), ∫gavg(Fz) dFz ) ∫g(G) dG; thus,
the total chain number is correct (note thatgavg(Fz)/A is the chain
end density per unit volume). Similarly, (ii) can be proved by
showing the polymer density at heightz is the same in the two
situations of Figure 7a,b: ∫(gavg(Fz)/uavg(Fz,z)) dFz )
∫(g(G)/uz(G,z)) dG ) 1 - φ(z). To show (iii), we express number
of monomers in a chain whose end is atuavg(Fz,z) as follows:

The last integral,∫dz(1/uz(G,z)), equalsN for anyG because this

∆Finc ) ∫0

h
dz P(z)φ(z) (B7)

Fstretch) 3

2a2∫dr

a3(∂r
∂n)2

) 3

2a5∫u2 dr (C1)

∆T ) Tf + FV0
2Vp (D1)

gavg(Fz) ≡ ∫g(G) dG⊥,
gavg(Fz)

uavg(Fz,z)
≡ ∫ g(G)

uz(G,z)
dG⊥ (E1)

∫dz
1

uavg(Fz,z)
) ∫dz

1
gavg(Fz)

∫dG⊥
g(G)

uz(G,z)
)

∫dF⊥
g(G)

gavg(Fz)
∫dz

1
uz(G,z)

(E2)
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represents the number of monomers in a chain in Figure 7a.
Then the integral with respect toG⊥ equals unity from definition
of gavg(Fz) (eq E1); thus, every chain hasN monomers. This
completes the proof thatgavg(Fz) and uavg(Fz,z) represent a
realizable chain configuration for the problem with symmetry
(Figure 7b).

The total energyFbrush of Figure 7a can be written

where dz/uz(G,z) ) dn. Let us now showFbrush exceedsFavg
brush,

the energy of of our just constructed symmetric configuration
defined by gavg(Fz), uavg(Fz,z). First, we use the inequality
uz(G,z) < u2(G,z)/uz(G,z) in eq E3 to obtain

Then, using the Cauchy-Schwarz integral inequality, it is
straightforward to show the last integral,∫dG⊥ g(G)uz(G,z),
exceeds gavg(Fz)uavg(Fz,z). Since Favg

brush ≡ ∫dz∫dFz‚
gavg(Fz)uavg(Fz,z), this provesFbrush > Favg

brush.
Note that gavg(Fz), uavg(Fz,z) is not necessarily the self-

consistent minimum energy configuration corresponding to
Figure 7b. In section IV, we showed the energy change on
adding the inclusion field for this case isA∫dzP(z)φ(z). Since
this is the minimum free energy situation, when added to the
unperturbed brush stretching energy, this must be less than
Favg

brush. It follows that the energy penalty due to the inclusion
obeys the inequality

where the last equation requires particle sizeb much less than
the brush heighth, so the pressure variation over the region
occupied by the particle is small.

Appendix F. Upper Bound for Free Energy Due to Large
Inclusions

In this appendix we calculate the upper bound for the free
energy penalty due to a large inclusion of volumeVp at height
z0. Consider first a nonequilibrium configuration of the AG brush
containing one inclusion of sizeb, as in Figure 8a, which we
will construct so as to be a good approximation to the true
equilibrium configuration of the AG brush plus inclusion. This
configuration respects incompressibility but does not minimize
the free energy. Introducing an imaginary sphereS of radiusR
centered on the particle, this configuration is constructed as
follows: (i) chain paths outside the sphere areunperturbedby
the inclusion (i.e., chains follow vertical lines as in the
unperturbed AG brush); (ii) insideS, the configuration is that
minimizing the free energy inS subject to the incompressibility
constraint.

Thus, the sphere contains a subregion of a minimum free
energy AG brush, albeit with unusual boundary conditions on
the sphere surface. What are these boundary conditions? It is
straightforward to show that incompressibility forces the radial
component of the stretch field∂r /∂n to be continuous across
the surface ofS. Since∂r /∂n ) -(h0/N)ẑ is known outsideS,
the radial component is thus given for all points onS. Following
the prescription of the hydrodynamic analogy, the minimum
free energy configuration withinS is obtained by solving
Laplace’s equation for the “chain stretch potential”ψ (defined
by ∂r /∂n ) -∇ψ) as explained in Appendix C. It is well-known

that Laplace’s equation has a unique solution if the normal
component of its gradient is specified everywhere on the
boundary. Hence, the chain configuration withinS is uniquely
determined by our construction.

Note the number of monomers along a given chain trajectory
in S may differ from the value before the inclusion was
introduced (since the stretch field is changed); this changes the
number of monomers along the same trajectory continued
outsideS and induces an increase or decrease in brush height
relative to the unperturbed brush (see Figure 8a). This is the
“bump” on the brush surface due to the embedded inclusion.

Later in this appendix we will choose the sphere radiusR to
be large compared to particle sizeb, so the constructed
configuration’s free energy is a good approximation to that of
the AG brush plus nanoinclusion system. For example, the
energy of a spherical inclusion in the constructed solution,
(5/2)PAVp(1 + O(Vp/R3)), equals the exact result (Table 2,
column b) plus a small correction.35

Let us now turn to the end-annealed brush plus inclusion.
We construct a configuration (Figure 8b) similarly to our AG
brush prescription above: outsideS the brush is unperturbed
by the inclusion (except for changes in the numbers of
monomers along trajectories and a consequent height perturba-
tion); insideS, we use the same spatial mapping of monomers
as that used for the AG brush, above. Thus, a monomer
originally atr0 in the unperturbed brush is mapped to a location
f(r0) in the constructed brush, wherer0 f f(r0) is the mapping
we defined above for the AG brush. Note that the mappingr0

f f(r0) is volume preserving by construction. Thus, we have
constructed a space-filling configuration of the end-annealed
brush with inclusion (see Figure 8b).

We will now use the constructed end-annealed brush con-
figuration to obtain an upper free energy bound valid in the
limit of particle size much less than brush height,b , h. The
argument hinges on the fact that due to the linearity of the
hydrodynamic analogue35 the mappingr0 f f(r0) depends only
on the geometry of the inclusion, independent of the unperturbed
stretch|∂r0(n)/∂n|. In the hydrodynamics language increasing
the fluid velocity without inclusion does not change the
streamlines with the inclusion; in the brush language, increasing
the uniform stretch|∂r0(n)/∂n| of the unperturbed brush by some
constant factorR increases the stretch field in the perturbed
brush byR everywhere but does not change the chain trajec-
tories. Thus, a chain segment atr0 belonging to a chain whose
end is atG0 is stretched by the same factorλ(r0) regardless of
how stretched it was initially and independent ofG0:

Now we choose the sphereS to be small compared to brush
height,R , h, so the unperturbed pressure in the end-annealed
brush is approximately constant throughoutS, equal toP(z) for
an inclusion atz (see eq 1). (Recall that we simultaneously
chooseR. b; thus, our method assumes inclusion size is much
less than brush height.)

Using the exact result that the energy density of the end-
annealed brush isP(z)/2 (we prove this in Appendix G), it
follows that the energy density throughoutS is approximately
constant in the unperturbed brush. Since energies scale as the
square of chain stretch, eq F1 thus tells us that the ratio of the
brush energies inS before and after the mappingr0 f f(r0) is
the same for both the AG and end-annealed brush constructions.
Since the unperturbed AG brush has energy densityPA, we have

|∂f(r0(G0,n))/∂n|
|∂r0(G0,n)/∂n| ≡ λ(r0) (F1)

Fbrush) 3

2a2∫dG g(G)∫ dz
uz(G,z)

u2(G,z) (E3)

Fbrush> 3

2a2∫dz∫dFz∫dG⊥ g(G)uz(G,z) (E4)

∆Finc > A∫dzP(z)φ(z) ) P(z0)Vp (E5)
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where subscripts AG and EA denote the constructed configura-
tions of Figures 8a and 8b, respectively, andVS is the volume
of S. We used the fact that the energy changes outsideS vanish.

Recall that for largeVS/Vp the constructed AG brush energy
change∆FAG

inc is a good approximation to the true energy
change for the AG brush calculated in section VI. Hence∆FAG

inc

≈ âPAVp whereâ is shape-dependent (see Table 2, third row)
and from eq F2

This is our final result: an upper bound∆FEA
inc is obtained by

simply taking our already established results for the AG brush
in the third row of Table 2 and replacingPA f P(z)/2.

Appendix G. Local Brush Stretching Energy Density

For the unperturbed SCF brush, the stretch of a chain
∂z(F,n)/∂n is a function of both F and z. By averaging
contributions from all chains passing throughz, we calculate
below the mean stretching energy densityFstretch(z). All chains
with end positionF greater thanz contribute, but with different
contributions to the monomer density according to eq A1 (at
φ(z) ≡ 0). Thus

Using eqs 1 and 3, this gives

Evaluating the integral, we have

Interestingly, the mean stretching energy density at a given
height z is always one-half of the pressure value of the

unperturbed brush. This allows us to calculate the energy penalty
of our trial configuration in Appendix F.
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(F2)

∆FEA
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Fstretch(z) ) ∫z

h
dF

g(F)

|∂z(F,n)/∂n|
3

2a2(∂z(F,n)
∂n )2

(G1)

Fstretch(z) )
2P0

πh2∫z

h
dF FxF2 - z2

xh2 - F2
(G2)

Fstretch(z) )
P0

2h2
(h2 - z2) ) 1

2
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